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PREFACE 

The field of machine learning is concerned with the question of how to construct 
computer programs that automatically improve with experience. In recent years 
many successful machine learning applications have been developed, ranging from 
data-mining programs that learn to detect fraudulent credit card transactions, to 
information-filtering systems that learn users' reading preferences, to autonomous 
vehicles that learn to drive on public highways. At the same time, there have been 
important advances in the theory and algorithms that form the foundations of this 
field. 

The goal of this textbook is to present the key algorithms and theory that 
form the core of machine learning. Machine learning draws on concepts and 
results from many fields, including statistics, artificial intelligence, philosophy, 
information theory, biology, cognitive science, computational complexity, and 
control theory. My belief is that the best way to learn about machine learning is 
to view it from all of these perspectives and to understand the problem settings, 
algorithms, and assumptions that underlie each. In the past, this has been difficult 
due to the absence of a broad-based single source introduction to the field. The 
primary goal of this book is to provide such an introduction. 

Because of the interdisciplinary nature of the material, this book makes 
few assumptions about the background of the reader. Instead, it introduces basic 
concepts from statistics, artificial intelligence, information theory, and other disci- 
plines as the need arises, focusing on just those concepts most relevant to machine 
learning. The book is intended for both undergraduate and graduate students in 
fields such as computer science, engineering, statistics, and the social sciences, 
and as a reference for software professionals and practitioners. Two principles 
that guided the writing of the book were that it should be accessible to undergrad- 
uate students and that it should contain the material I would want my own Ph.D. 
students to learn before beginning their doctoral research in machine learning. 
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A third principle that guided the writing of this book was that it should 
present a balance of theory and practice. Machine learning theory attempts to an- 
swer questions such as "How does learning performance vary with the number of 
training examples presented?" and "Which learning algorithms are most appropri- 
ate for various types of learning tasks?" This book includes discussions of these 
and other theoretical issues, drawing on theoretical constructs from statistics, com- 
putational complexity, and Bayesian analysis. The practice of machine learning 
is covered by presenting the major algorithms in the field, along with illustrative 
traces of their operation. Online data sets and implementations of several algo- 
rithms are available via the World Wide Web at http://www.cs.cmu.edu/-tom1 
mlbook.html. These include neural network code and data for face recognition, 
decision tree learning, code and data for financial loan analysis, and Bayes clas- 
sifier code and data for analyzing text documents. I am grateful to a number of 
colleagues who have helped to create these online resources, including Jason Ren- 
nie, Paul Hsiung, Jeff Shufelt, Matt Glickman, Scott Davies, Joseph O'Sullivan, 
Ken Lang, Andrew McCallum, and Thorsten Joachims. 
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CHAPTER 

INTRODUCTION 

Ever since computers were invented, we have wondered whether they might be 
made to learn. If we could understand how to program them to learn-to improve 
automatically with experience-the impact would be dramatic. Imagine comput- 
ers learning from medical records which treatments are most effective for new 
diseases, houses learning from experience to optimize energy costs based on the 
particular usage patterns of their occupants, or personal software assistants learn- 
ing the evolving interests of their users in order to highlight especially relevant 
stories from the online morning newspaper. A successful understanding of how to 
make computers learn would open up many new uses of computers and new levels 
of competence and customization. And a detailed understanding of information- 
processing algorithms for machine learning might lead to a better understanding 
of human learning abilities (and disabilities) as well. 

We do not yet know how to make computers learn nearly as well as people 
learn. However, algorithms have been invented that are effective for certain types 
of learning tasks, and a theoretical understanding of learning is beginning to 
emerge. Many practical computer programs have been developed to exhibit use- 
ful types of learning, and significant commercial applications have begun to ap- 
pear. For problems such as speech recognition, algorithms based on machine 
learning outperform all other approaches that have been attempted to date. In 
the field known as data mining, machine learning algorithms are being used rou- 
tinely to discover valuable knowledge from large commercial databases containing 
equipment maintenance records, loan applications, financial transactions, medical 
records, and the like. As our understanding of computers continues to mature, it 
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seems inevitable that machine learning will play an increasingly central role in 
computer science and computer technology. 

A few specific achievements provide a glimpse of the state of the art: pro- 
grams have been developed that successfully learn to recognize spoken words 
(Waibel 1989; Lee 1989), predict recovery rates of pneumonia patients (Cooper 
et al. 1997), detect fraudulent use of credit cards, drive autonomous vehicles 
on public highways (Pomerleau 1989), and play games such as backgammon at 
levels approaching the performance of human world champions (Tesauro 1992, 
1995). Theoretical results have been developed that characterize the fundamental 
relationship among the number of training examples observed, the number of hy- 
potheses under consideration, and the expected error in learned hypotheses. We 
are beginning to obtain initial models of human and animal learning and to un- 
derstand their relationship to learning algorithms developed for computers (e.g., 
Laird et al. 1986; Anderson 1991; Qin et al. 1992; Chi and Bassock 1989; Ahn 
and Brewer 1993). In applications, algorithms, theory, and studies of biological 
systems, the rate of progress has increased significantly over the past decade. Sev- 
eral recent applications of machine learning are summarized in Table 1.1. Langley 
and Simon (1995) and Rumelhart et al. (1994) survey additional applications of 
machine learning. 

This book presents the field of machine learning, describing a variety of 
learning paradigms, algorithms, theoretical results, and applications. Machine 
learning is inherently a multidisciplinary field. It draws on results from artifi- 
cial intelligence, probability and statistics, computational complexity theory, con- 
trol theory, information theory, philosophy, psychology, neurobiology, and other 
fields. Table 1.2 summarizes key ideas from each of these fields that impact the 
field of machine learning. While the material in this book is based on results from 
many diverse fields, the reader need not be an expert in any of them. Key ideas 
are presented from these fields using a nonspecialist's vocabulary, with unfamiliar 
terms and concepts introduced as the need arises. 

1.1 WELL-POSED LEARNING PROBLEMS 

Let us begin our study of machine learning by considering a few learning tasks. For 
the purposes of this book we will define learning broadly, to include any .computer 
program that improves its performance at some task through experience. Put more 
precisely, 

Definition: A computer program is said to learn from experience E with respect 
to some class of tasks T and performance measure P, if its performance at tasks in 
T, as measured by P, improves with experience E. 

For example, a computer program that learns to play checkers might improve 
its performance as measured by its abiliry to win at the class of tasks involving 
playing checkers games, through experience obtained by playing games against 
itself. In general, to have a well-defined learning problem, we must identity these 



CHAPTER 1 INTRODUCITON 3 

0 Learning to recognize spoken words. 
All of the most successful speech recognition systems employ machine learning in some form. 
For example, the SPHINX system (e.g., Lee 1989) learns speaker-specific strategies for recognizing 
the primitive sounds (phonemes) and words from the observed speech signal. Neural network 
learning methods (e.g., Waibel et al. 1989) and methods for learning hidden Markov models 
(e.g., Lee 1989) are effective for automatically customizing to,individual speakers, vocabularies, 
microphone characteristics, background noise, etc. Similar techniques have potential applications 
in many signal-interpretation problems. 

0 Learning to drive an autonomous vehicle. 
Machine learning methods have been used to train computer-controlled vehicles to steer correctly 
when driving on a variety of road types. For example, the ALVINN system (Pomerleau 1989) 
has used its learned strategies to drive unassisted at 70 miles per hour for 90 miles on public 
highways among other cars. Similar techniques have possible applications in many sensor-based 
control problems. 

0 Learning to classify new astronomical structures. 
Machine learning methods have been applied to a variety of large databases to learn general 
regularities implicit in the data. For example, decision tree learning algorithms have been used 
by NASA to learn how to classify celestial objects from the second Palomar Observatory Sky 
Survey (Fayyad et al. 1995). This system is now used to automatically classify all objects in the 
Sky Survey, which consists of three terrabytes of image data. 

0 Learning to play world-class backgammon. 
The most successful computer programs for playing games such as backgammon are based on 
machiie learning algorithms. For example, the world's top computer program for backgammon, 
TD-GAMMON (Tesauro 1992, 1995). learned its strategy by playing over one million practice 
games against itself. It now plays at a level competitive with the human world champion. Similar 
techniques have applications in many practical problems where very large search spaces must be 
examined efficiently. 

TABLE 1.1 
Some successful applications of machiie learning. 

three features: the class of tasks, the measure of performance to be improved, and 
the source of experience. 

A checkers learning problem: 

Task T: playing checkers 
0 Performance measure P: percent of games won against opponents 

Training experience E: playing practice games against itself 

We can specify many learning problems in this fashion, such as learning 
to recognize handwritten words, or learning to drive a robotic automobile au- 
tonomously. 

A handwriting recognition learning problem: 

0 Task T: recognizing and classifying handwritten words within images 
0 Performance measure P:  percent of words correctly classified 
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Artificial intelligence 
Learning symbolic representations of concepts. Machine learning as a search problem. Learning 
as an approach to improving problem solving. Using prior knowledge together with training data 
to guide learning. 

0 Bayesian methods 
Bayes' theorem as the basis for calculating probabilities of hypotheses. The naive Bayes classifier. 
Algorithms for estimating values of unobserved variables. 

0 Computational complexity theory 
Theoretical bounds on the inherent complexity of different learning tasks, measured in terms of 
the computational effort, number of training examples, number of mistakes, etc. required in order 
to learn. 
Control theory 

Procedures that learn to control processes in order to optimize predefined objectives and that learn 
to predict the next state of the process they are controlling. 

0 Information theory 

Measures of entropy and information content. Minimum description length approaches to learning. 
Optimal codes and their relationship to optimal training sequences for encoding a hypothesis. 
Philosophy 
Occam's razor, suggesting that the simplest hypothesis is the best. Analysis of the justification for 
generalizing beyond observed data. 

0 Psychology and neurobiology 
The power law of practice, which states that over a very broad range of learning problems, 
people's response time improves with practice according to a power law. Neurobiological studies 
motivating artificial neural network models of learning. 

0 Statistics 
Characterization of errors (e.g., bias and variance) that occur when estimating the accuracy of a 
hypothesis based on a limited sample of data. Confidence intervals, statistical tests. 

TABLE 1.2 
Some disciplines and examples of their influence on machine learning. 

0 Training experience E: a database of handwritten words with given classi- 
fications 

A robot driving learning problem: 

0 Task T: driving on public four-lane highways using vision sensors 
0 Performance measure P: average distance traveled before an error (as judged 

by human overseer) 
0 Training experience E: a sequence of images and steering commands record- 

ed while observing a human driver 

Our definition of learning is broad enough to include most tasks that we 
would conventionally call "learning" tasks, as we use the word in everyday lan- 
guage. It is also broad enough to encompass computer programs that improve 
from experience in quite straightforward ways. For example, a database system 
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that allows users to update data entries would fit our definition of a learning 
system: it improves its performance at answering database queries, based on the 
experience gained from database updates. Rather than worry about whether this 
type of activity falls under the usual informal conversational meaning of the word 
"learning," we will simply adopt our technical definition of the class of programs 
that improve through experience. Within this class we will find many types of 
problems that require more or less sophisticated solutions. Our concern here is 
not to analyze the meaning of the English word "learning" as it is used in ev- 
eryday language. Instead, our goal is to define precisely a class of problems that 
encompasses interesting forms of learning, to explore algorithms that solve such 
problems, and to understand the fundamental structure of learning problems and 
processes. 

1.2 DESIGNING A LEARNING SYSTEM 

In order to illustrate some of the basic design issues and approaches to machine 
learning, let us consider designing a program to learn to play checkers, with 
the goal of entering it in the world checkers tournament. We adopt the obvious 
performance measure: the percent of games it wins in this world tournament. 

1.2.1 Choosing the Training Experience 

The first design choice we face is to choose the type of training experience from 
which our system will learn. The type of training experience available can have a 
significant impact on success or failure of the learner. One key attribute is whether 
the training experience provides direct or indirect feedback regarding the choices 
made by the performance system. For example, in learning to play checkers, the 
system might learn from direct training examples consisting of individual checkers 
board states and the correct move for each. Alternatively, it might have available 
only indirect information consisting of the move sequences and final outcomes 
of various games played. In this later case, information about the correctness 
of specific moves early in the game must be inferred indirectly from the fact 
that the game was eventually won or lost. Here the learner faces an additional 
problem of credit assignment, or determining the degree to which each move in 
the sequence deserves credit or blame for the final outcome. Credit assignment can 
be a particularly difficult problem because the game can be lost even when early 
moves are optimal, if these are followed later by poor moves. Hence, learning from 
direct training feedback is typically easier than learning from indirect feedback. 

A second important attribute of the training experience is the degree to which 
the learner controls the sequence of training examples. For example, the learner 
might rely on the teacher to select informative board states and to provide the 
correct move for each. Alternatively, the learner might itself propose board states 
that it finds particularly confusing and ask the teacher for the correct move. Or the 
learner may have complete control over both the board states and (indirect) training 
classifications, as it does when it learns by playing against itself with no teacher 



present. Notice in this last case the learner may choose between experimenting 
with novel board states that it has not yet considered, or honing its skill by playing 
minor variations of lines of play it currently finds most promising. Subsequent 
chapters consider a number of settings for learning, including settings in which 
training experience is provided by a random process outside the learner's control, 
settings in which the learner may pose various types of queries to an expert teacher, 
and settings in which the learner collects training examples by autonomously 
exploring its environment. 

A third important attribute of the training experience is how well it repre- 
sents the distribution of examples over which the final system performance P must 
be measured. In general, learning is most reliable when the training examples fol- 
low a distribution similar to that of future test examples. In our checkers learning 
scenario, the performance metric P is the percent of games the system wins in 
the world tournament. If its training experience E consists only of games played 
against itself, there is an obvious danger that this training experience might not 
be fully representative of the distribution of situations over which it will later be 
tested. For example, the learner might never encounter certain crucial board states 
that are very likely to be played by the human checkers champion. In practice, 
it is often necessary to learn from a distribution of examples that is somewhat 
different from those on which the final system will be evaluated (e.g., the world 
checkers champion might not be interested in teaching the program!). Such situ- 
ations are problematic because mastery of one distribution of examples will not 
necessary lead to strong performance over some other distribution. We shall see 
that most current theory of machine learning rests on the crucial assumption that 
the distribution of training examples is identical to the distribution of test ex- 
amples. Despite our need to make this assumption in order to obtain theoretical 
results, it is important to keep in mind that this assumption must often be violated 
in practice. 

To proceed with our design, let us decide that our system will train by 
playing games against itself. This has the advantage that no external trainer need 
be present, and it therefore allows the system to generate as much training data 
as time permits. We now have a fully specified learning task. 

A checkers learning problem: 

0 Task T: playing checkers 
0 Performance measure P: percent of games won in the world tournament 
0 Training experience E: games played against itself 

In order to complete the design of the learning system, we must now choose 

1. the exact type of knowledge to be,learned 
2. a representation for this target knowledge 
3. a learning mechanism 



CHAFTER I INTRODUCTION 7 

1.2.2 Choosing the Target Function 

The next design choice is to determine exactly what type of knowledge will be 
learned and how this will be used by the performance program. Let us begin with 
a checkers-playing program that can generate the legal moves from any board 
state. The program needs only to learn how to choose the best move from among 
these legal moves. This learning task is representative of a large class of tasks for 
which the legal moves that define some large search space are known a priori, but 
for which the best search strategy is not known. Many optimization problems fall 
into this class, such as the problems of scheduling and controlling manufacturing 
processes where the available manufacturing steps are well understood, but the 
best strategy for sequencing them is not. 

Given this setting where we must learn to choose among the legal moves, 
the most obvious choice for the type of information to be learned is a program, 
or function, that chooses the best move for any given board state. Let us call this 
function ChooseMove and use the notation ChooseMove : B -+ M to indicate 
that this function accepts as input any board from the set of legal board states B 
and produces as output some move from the set of legal moves M. Throughout 
our discussion of machine learning we will find it useful to reduce the problem 
of improving performance P at task T to the problem of learning some particu- 
lar targetfunction such as ChooseMove. The choice of the target function will 
therefore be a key design choice. 

Although ChooseMove is an obvious choice for the target function in our 
example, this function will turn out to be very difficult to learn given the kind of in- 
direct training experience available to our system. An alternative target function- 
and one that will turn out to be easier to learn in this setting-is an evaluation 
function that assigns a numerical score to any given board state. Let us call this 
target function V  and again use the notation V  : B + 8 to denote that V  maps 
any legal board state from the set B to some real value (we use 8 to denote the set 
of real numbers). We intend for this target function V  to assign higher scores to 
better board states. If the system can successfully learn such a target function V ,  
then it can easily use it to select the best move from any current board position. 
This can be accomplished by generating the successor board state produced by 
every legal move, then using V  to choose the best successor state and therefore 
the best legal move. 

What exactly should be the value of the target function V  for any given 
board state? Of course any evaluation function that assigns higher scores to better 
board states will do. Nevertheless, we will find it useful to define one particular 
target function V  among the many that produce optimal play. As we shall see, 
this will make it easier to design a training algorithm. Let us therefore define the 
target value V ( b )  for an arbitrary board state b  in B ,  as follows: 

1. if b  is a final board state that is won, then V ( b )  = 100 
2. if b is a final board state that is lost, then V ( b )  = -100 
3. if b is a final board state that is drawn, then V ( b )  = 0 



4. if b is a not a final state in the game, then V(b) = V(bl), where b' is the best 
final board state that can be achieved starting from b and playing optimally 
until the end of the game (assuming the opponent plays optimally, as well). 

While this recursive definition specifies a value of V(b) for every board 
state b, this definition is not usable by our checkers player because it is not 
efficiently computable. Except for the trivial cases (cases 1-3) in which the game 
has already ended, determining the value of V(b) for a particular board state 
requires (case 4) searching ahead for the optimal line of play, all the way to 
the end of the game! Because this definition is not efficiently computable by our 
checkers playing program, we say that it is a nonoperational definition. The goal 
of learning in this case is to discover an operational description of V ;  that is, a 
description that can be used by the checkers-playing program to evaluate states 
and select moves within realistic time bounds. 

Thus, we have reduced the learning task in this case to the problem of 
discovering an operational description of the ideal targetfunction V. It may be 
very difficult in general to learn such an operational form of V perfectly. In fact, 
we often expect learning algorithms to acquire only some approximation to the 
target function, and for this reason the process of learning the target function 
is often called function approximation. In the current discussion we will use the 
symbol ? to refer to the function that is actually learned by our program, to 
distinguish it from the ideal target function V. 

1.23 Choosing a Representation for the Target Function 

Now that we have specified the ideal target function V, we must choose a repre- 
sentation that the learning program will use to describe the function c that it will 
learn. As with earlier design choices, we again have many options. We could, 
for example, allow the program to represent using a large table with a distinct 
entry specifying the value for each distinct board state. Or we could allow it to 
represent using a collection of rules that match against features of the board 
state, or a quadratic polynomial function of predefined board features, or an arti- 
ficial neural network. In general, this choice of representation involves a crucial 
tradeoff. On one hand, we wish to pick a very expressive representation to allow 
representing as close an approximation as possible to the ideal target function V. 
On the other hand, the more expressive the representation, the more training data 
the program will require in order to choose among the alternative hypotheses it 
can represent. To keep the discussion brief, let us choose a simple representation: 
for any given board state, the function c will be calculated as a linear combination 
of the following board features: 

0 xl: the number of black pieces on the board 
x2: the number of red pieces on the board 

0 xs: the number of black kings on the board 
0 x4: the number of red kings on the board 
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x5: the number of black pieces threatened by red (i.e., which can be captured 
on red's next turn) 
X6: the number of red pieces threatened by black 

Thus, our learning program will represent c(b) as a linear function of the 
form 

where wo through W6 are numerical coefficients, or weights, to be chosen by the 
learning algorithm. Learned values for the weights w l  through W6 will determine 
the relative importance of the various board features in determining the value of 
the board, whereas the weight wo will provide an additive constant to the board 
value. 

To summarize our design choices thus far, we have elaborated the original 
formulation of the learning problem by choosing a type of training experience, 
a target function to be learned, and a representation for this target function. Our 
elaborated learning task is now 

Partial design of a checkers learning program: 

Task T: playing checkers 
Performance measure P:  percent of games won in the world tournament 
Training experience E: games played against itself 

Targetfunction: V:Board + 8 
Targetfunction representation 

The first three items above correspond to the specification of the learning task, 
whereas the final two items constitute design choices for the implementation of the 
learning program. Notice the net effect of this set of design choices is to reduce 
the problem of learning a checkers strategy to the problem of learning values for 
the coefficients wo through w 6  in the target function representation. 

1.2.4 Choosing a Function Approximation Algorithm 

In order to learn the target function f we require a set of training examples, each 
describing a specific board state b and the training value Vtrain(b) for b. In other 
words, each training example is an ordered pair of the form (b, V',,,i,(b)). For 
instance, the following training example describes a board state b in which black 
has won the game (note x2 = 0 indicates that red has no remaining pieces) and 
for which the target function value VZrain(b) is therefore +100. 
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Below we describe a procedure that first derives such training examples from 
the indirect training experience available to the learner, then adjusts the weights 
wi to best fit these training examples. 

1.2.4.1 ESTIMATING TRAINING VALUES 

Recall that according to our formulation of the learning problem, the only training 
information available to our learner is whether the game was eventually won or 
lost. On the other hand, we require training examples that assign specific scores 
to specific board states. While it is easy to assign a value to board states that 
correspond to the end of the game, it is less obvious how to assign training values 
to the more numerous intermediate board states that occur before the game's end. 
Of course the fact that the game was eventually won or lost does not necessarily 
indicate that every board state along the game path was necessarily good or bad. 
For example, even if the program loses the game, it may still be the case that 
board states occurring early in the game should be rated very highly and that the 
cause of the loss was a subsequent poor move. 

Despite the ambiguity inherent in estimating training values for intermediate 
board states, one simple approach has been found to be surprisingly successful. 
This approach is to assign the training value of Krain(b) for any intermediate board 
state b to be ?(~uccessor(b)) ,  where ? is the learner's current approximation to 
V and where Successor(b) denotes the next board state following b for which it 
is again the program's turn to move (i.e., the board state following the program's 
move and the opponent's response). This rule for estimating training values can 
be summarized as 

~ u l k  for estimating training values. 

V,,,i. (b) c c(~uccessor(b)) 

While it may seem strange to use the current version of f to estimate training 
values that will be used to refine this very same function, notice that we are using 
estimates of the value of the Successor(b) to estimate the value of board state b. In- 
tuitively, we can see this will make sense if ? tends to be more accurate for board 
states closer to game's end. In fact, under certain conditions (discussed in Chap- 
ter 13) the approach of iteratively estimating training values based on estimates of 
successor state values can be proven to converge toward perfect estimates of Vtrain. 

1.2.4.2 ADJUSTING THE WEIGHTS 

All that remains is to specify the learning algorithm for choosing the weights wi  to^ 
best fit the set of training examples { (b ,  Vtrain(b))}.  As a first step we must define 
what we mean by the bestfit to the training data. One common approach is to 
define the best hypothesis, or set of weights, as that which minimizes the squarg 
error E between the training values and the values predicted by the hypothesis V .  



Thus, we seek the weights, or equivalently the c ,  that minimize E for the observed 
training examples. Chapter 6 discusses settings in which minimizing the sum of 
squared errors is equivalent to finding the most probable hypothesis given the 
observed training data. 

Several algorithms are known for finding weights of a linear function that 
minimize E defined in this way. In our case, we require an algorithm that will 
incrementally refine the weights as new training examples become available and 
that will be robust to errors in these estimated training values. One such algorithm 
is called the least mean squares, or LMS training rule. For each observed training 
example it adjusts the weights a small amount in the direction that reduces the 
error on this training example. As discussed in Chapter 4, this algorithm can be 
viewed as performing a stochastic gradient-descent search through the space of 
possible hypotheses (weight values) to minimize the squared enor E. The LMS 
algorithm is defined as follows: 

LMS weight update rule. 

For each training example (b, Kmin(b)) 

Use the current weights to calculate ?(b) 
For each weight mi, update it as 

Here q is a small constant (e.g., 0.1) that moderates the size of the weight update. 
To get an intuitive understanding for why this weight update rule works, notice 
that when the error (Vtrain(b) - c(b)) is zero, no weights are changed. When 
(V,,ain(b) - e(b)) is positive (i.e., when f (b)  is too low), then each weight is 
increased in proportion to the value of its corresponding feature. This will raise 
the value of ?(b), reducing the error. Notice that if the value of some feature 
xi is zero, then its weight is not altered regardless of the error, so that the only 
weights updated are those whose features actually occur on the training example 
board. Surprisingly, in certain settings this simple weight-tuning method can be 
proven to converge to the least squared error approximation to the &,in values 
(as discussed in Chapter 4). 

1.2.5 The Final Design 

The final design of our checkers learning system can be naturally described by four 
distinct program modules that represent the central components in many learning 
systems. These four modules, summarized in Figure 1.1, are as follows: 

0 The Performance System is the module that must solve the given per- 
formance task, in this case playing checkers, by using the learned target 
function(s). It takes an instance of a new problem (new game) as input and 
produces a trace of its solution (game history) as output. In our case, the 
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Experiment 
Generator 

New problem Hypothesis 
(initial game board) f VJ 

Performance Generalizer 
System 

Solution tract Training examples 

(game history) /<bl .Ymtn (blJ >. <bZ. Em(b2) >. ... I 

Critic 

FIGURE 1.1 
Final design of the checkers learning program. 

strategy used by the Performance System to select its next move at each step 
is determined by the learned p evaluation function. Therefore, we expect 
its performance to improve as this evaluation function becomes increasingly 
accurate. 

e The Critic takes as input the history or trace of the game and produces as 
output a set of training examples of the target function. As shown in the 
diagram, each training example in this case corresponds to some game state 
in the trace, along with an estimate Vtrai, of the target function value for this 
example. In our example, the Critic corresponds to the training rule given 
by Equation (1.1). 

The Generalizer takes as input the training examples and produces an output 
hypothesis that is its estimate of the target function. It generalizes from the 
specific training examples, hypothesizing a general function that covers these 
examples and other cases beyond the training examples. In our example, the 
Generalizer corresponds to the LMS algorithm, and the output hypothesis is 
the function f described by the learned weights wo, . . . , W6. 
The Experiment Generator takes as input the current hypothesis (currently 
learned function) and outputs a new problem (i.e., initial board state) for the 
Performance System to explore. Its role is to pick new practice problems that 
will maximize the learning rate of the overall system. In our example, the 
Experiment Generator follows a very simple strategy: It always proposes the 
same initial game board to begin a new game. More sophisticated strategies 



could involve creating board positions designed to explore particular regions 
of the state space. 

Together, the design choices we made for our checkers program produce 
specific instantiations for the performance system, critic; generalizer, and experi- 
ment generator. Many machine learning systems can-be usefully characterized in 
terms of these four generic modules. 

The sequence of design choices made for the checkers program is summa- 
rized in Figure 1.2. These design choices have constrained the learning task in a 
number of ways. We have restricted the type of knowledge that can be acquired 
to a single linear evaluation function. Furthermore, we have constrained this eval- 
uation function to depend on only the six specific board features provided. If the 
true target function V can indeed be represented by a linear combination of these 

Determine Type 
of Training Experience 1 

Determine 
Target Function I 

I Determine Representation 
of Learned Function 

... 
Linear function Artificial neural 
of six features network 

/ \ 

I Determine 
Learning Algorithm I 

FIGURE 1.2 
Sununary of choices in designing the checkers learning program. 



particular features, then our program has a good chance to learn it. If not, then the 
best we can hope for is that it will learn a good approximation, since a program 
can certainly never learn anything that it cannot at least represent. 

Let us suppose that a good approximation to the true V function can, in fact, 
be represented in this form. The question then arises as to whether this learning 
technique is guaranteed to find one. Chapter 13 provides a theoretical analysis 
showing that under rather restrictive assumptions, variations on this approach 
do indeed converge to the desired evaluation function for certain types of search 
problems. Fortunately, practical experience indicates that this approach to learning 
evaluation functions is often successful, even outside the range of situations for 
which such guarantees can be proven. 

Would the program we have designed be able to learn well enough to beat 
the human checkers world champion? Probably not. In part, this is because the 
linear function representation for ? is too simple a representation to capture well 
the nuances of the game. However, given a more sophisticated representation for 
the target function, this general approach can, in fact, be quite successful. For 
example, Tesauro (1992, 1995) reports a similar design for a program that learns 
to play the game of backgammon, by learning a very similar evaluation function 
over states of the game. His program represents the learned evaluation function 
using an artificial neural network that considers the complete description of the 
board state rather than a subset of board features. After training on over one million 
self-generated training games, his program was able to play very competitively 
with top-ranked human backgammon players. 

Of course we could have designed many alternative algorithms for this 
checkers learning task. One might, for example, simply store the given training 
examples, then try to find the "closest" stored situation to match any new situation 
(nearest neighbor algorithm, Chapter 8). Or we might generate a large number of 
candidate checkers programs and allow them to play against each other, keep- 
ing only the most successful programs and further elaborating or mutating these 
in a kind of simulated evolution (genetic algorithms, Chapter 9). Humans seem 
to follow yet a different approach to learning strategies, in which they analyze, 
or explain to themselves, the reasons underlying specific successes and failures 
encountered during play (explanation-based learning, Chapter 11). Our design is 
simply one of many, presented here to ground our discussion of the decisions that 
must go into designing a learning method for a specific class of tasks. 

1.3 PERSPECTIVES AND ISSUES IN MACHINE LEARNING 

One useful perspective on machine learning is that it involves searching a very 
large space of possible hypotheses to determine one that best fits the observed data 
and any prior knowledge held by the learner. For example, consider the space of 
hypotheses that could in principle be output by the above checkers learner. This 
hypothesis space consists of all evaluation functions that can be represented by 
some choice of values for the weights wo through w6. The learner's task is thus to 
search through this vast space to locate the hypothesis that is most consistent with 



the available training examples. The LMS algorithm for fitting weights achieves 
this goal by iteratively tuning the weights, adding a correction to each weight 
each time the hypothesized evaluation function predicts a value that differs from 
the training value. This algorithm works well when the hypothesis representation 
considered by the learner defines a continuously parameterized space of potential 
hypotheses. 

Many of the chapters in this book present algorithms that search a hypothesis 
space defined by some underlying representation (e.g., linear functions, logical 
descriptions, decision trees, artificial neural networks). These different hypothesis 
representations are appropriate for learning different kinds of target functions. For 
each of these hypothesis representations, the corresponding learning algorithm 
takes advantage of a different underlying structure to organize the search through 
the hypothesis space. 

Throughout this book we will return to this perspective of learning as a 
search problem in order to characterize learning methods by their search strategies 
and by the underlying structure of the search spaces they explore. We will also 
find this viewpoint useful in formally analyzing the relationship between the size 
of the hypothesis space to be searched, the number of training examples available, 
and the confidence we can have that a hypothesis consistent with the training data 
will correctly generalize to unseen examples. 

1.3.1 Issues in Machine Learning 

Our checkers example raises a number of generic questions about machine learn- 
ing. The field of machine learning, and much of this book, is concerned with 
answering questions such as the following: 

What algorithms exist for learning general target functions from specific 
training examples? In what settings will particular algorithms converge to the 
desired function, given sufficient training data? Which algorithms perform 
best for which types of problems and representations? 
How much training data is sufficient? What general bounds can be found 
to relate the confidence in learned hypotheses to the amount of training 
experience and the character of the learner's hypothesis space? 
When and how can prior knowledge held by the learner guide the process 
of generalizing from examples? Can prior knowledge be helpful even when 
it is only approximately correct? 
What is the best strategy for choosing a useful next training experience, and 
how does the choice of this strategy alter the complexity of the learning 
problem? 
What is the best way to reduce the learning task to one or more function 
approximation problems? Put another way, what specific functions should 
the system attempt to learn? Can this process itself be automated? 
How can the learner automatically alter its representation to improve its 
ability to represent and learn the target function? 
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1.4 HOW TO READ THIS BOOK 

This book contains an introduction to the primary algorithms and approaches to 
machine learning, theoretical results on the feasibility of various learning tasks 
and the capabilities of specific algorithms, and examples of practical applications 
of machine learning to real-world problems. Where possible, the chapters have 
been written to be readable in any sequence. However, some interdependence 
is unavoidable. If this is being used as a class text, I recommend first covering 
Chapter 1 and Chapter 2. Following these two chapters, the remaining chapters 
can be read in nearly any sequence. A one-semester course in machine learning 
might cover the first seven chapters, followed by whichever additional chapters 
are of greatest interest to the class. Below is a brief survey of the chapters. 

Chapter 2 covers concept learning based on symbolic or logical representa- 
tions. It also discusses the general-to-specific ordering over hypotheses, and 
the need for inductive bias in learning. 

0 Chapter 3 covers decision tree learning and the problem of overfitting the 
training data. It also examines Occam's razor-a principle recommending 
the shortest hypothesis among those consistent with the data. 

0 Chapter 4 covers learning of artificial neural networks, especially the well- 
studied BACKPROPAGATION algorithm, and the general approach of gradient 
descent. This includes a detailed example of neural network learning for 
face recognition, including data and algorithms available over the World 
Wide Web. 

0 Chapter 5 presents basic concepts from statistics and estimation theory, fo- 
cusing on evaluating the accuracy of hypotheses using limited samples of 
data. This includes the calculation of confidence intervals for estimating 
hypothesis accuracy and methods for comparing the accuracy of learning 
methods. 

0 Chapter 6 covers the Bayesian perspective on machine learning, including 
both the use of Bayesian analysis to characterize non-Bayesian learning al- 
gorithms and specific Bayesian algorithms that explicitly manipulate proba- 
bilities. This includes a detailed example applying a naive Bayes classifier to 
the task of classifying text documents, including data and software available 
over the World Wide Web. 

0 Chapter 7 covers computational learning theory, including the Probably Ap- 
proximately Correct (PAC) learning model and the Mistake-Bound learning 
model. This includes a discussion of the WEIGHTED MAJORITY algorithm for 
combining multiple learning methods. 

0 Chapter 8 describes instance-based learning methods, including nearest neigh- 
bor learning, locally weighted regression, and case-based reasoning. 

0 Chapter 9 discusses learning algorithms modeled after biological evolution, 
including genetic algorithms and genetic programming. 



0 Chapter 10 covers algorithms for learning sets of rules, including Inductive 
Logic Programming approaches to learning first-order Horn clauses. 

0 Chapter 11 covers explanation-based learning, a learning method that uses 
prior knowledge to explain observed training examples, then generalizes 
based on these explanations. 

0 Chapter 12 discusses approaches to combining approximate prior knowledge 
with available training data in order to improve the accuracy of learned 
hypotheses. Both symbolic and neural network algorithms are considered. 

0 Chapter 13 discusses reinforcement learning-an approach to control learn- 
ing that accommodates indirect or delayed feedback as training information. 
The checkers learning algorithm described earlier in Chapter 1 is a simple 
example of reinforcement learning. 

The end of each chapter contains a summary of the main concepts covered, 
suggestions for further reading, and exercises. Additional updates to chapters, as 
well as data sets and implementations of algorithms, are available on the World 
Wide Web at http://www.cs.cmu.edu/-tom/mlbook.html. 

1.5 SUMMARY AND FURTHER READING 

Machine learning addresses the question of how to build computer programs that 
improve their performance at some task through experience. Major points of this 
chapter include: 

Machine learning algorithms have proven to be of great practical value in a 
variety of application domains. They are especially useful in (a) data mining 
problems where large databases may contain valuable implicit regularities 
that can be discovered automatically (e.g., to analyze outcomes of medical 
treatments from patient databases or to learn general rules for credit worthi- 
ness from financial databases); (b) poorly understood domains where humans 
might not have the knowledge needed to develop effective algorithms (e.g., 
human face recognition from images); and (c) domains where the program 
must dynamically adapt to changing conditions (e.g., controlling manufac- 
turing processes under changing supply stocks or adapting to the changing 
reading interests of individuals). 
Machine learning draws on ideas from a diverse set of disciplines, including 
artificial intelligence, probability and statistics, computational complexity, 
information theory, psychology and neurobiology, control theory, and phi- 
losophy. 

0 A well-defined learning problem requires a well-specified task, performance 
metric, and source of training experience. 

0 Designing a machine learning approach involves a number of design choices, 
including choosing the type of training experience, the target function to 
be learned, a representation for this target function, and an algorithm for 
learning the target function from training examples. 
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0 Learning involves search: searching through a space of possible hypotheses 
to find the hypothesis that best fits the available training examples and other 
prior constraints or knowledge. Much of this book is organized around dif- 
ferent learning methods that search different hypothesis spaces (e.g., spaces 
containing numerical functions, neural networks, decision trees, symbolic 
rules) and around theoretical results that characterize conditions under which 
these search methods converge toward an optimal hypothesis. 

There are a number of good sources for reading about the latest research 
results in machine learning. Relevant journals include Machine Learning, Neural 
Computation, Neural Networks, Journal of the American Statistical Association, 
and the IEEE Transactions on Pattern Analysis and Machine Intelligence. There 
are also numerous annual conferences that cover different aspects of machine 
learning, including the International Conference on Machine Learning, Neural 
Information Processing Systems, Conference on Computational Learning The- 
ory, International Conference on Genetic Algorithms, International Conference 
on Knowledge Discovery and Data Mining, European Conference on Machine 
Learning, and others. 

EXERCISES 

1.1. Give three computer applications for which machine learning approaches seem ap- 
propriate and three for which they seem inappropriate. Pick applications that are not 
already mentioned in this chapter, and include a one-sentence justification for each. 

1.2. Pick some learning task not mentioned in this chapter. Describe it informally in a 
paragraph in English. Now describe it by stating as precisely as possible the task, 
performance measure, and training experience. Finally, propose a target function to 
be learned and a target representation. Discuss the main tradeoffs you considered in 
formulating this learning task. 

1.3. Prove that the LMS weight update rule described in this chapter performs a gradient 
descent to minimize the squared error. In particular, define the squared error E as in 
the text. Now calculate the derivative of E with respect to the weight wi, assuming 
that ?(b) is a linear function as defined in the text. Gradient descent is achieved by 
updating each weight in proportion to -e. Therefore, you must show that the LMS 
training rule alters weights in this proportion for each training example it encounters. 

1.4. Consider alternative strategies for the Experiment Generator module of Figure 1.2. 
In particular, consider strategies in which the Experiment Generator suggests new 
board positions by 

Generating random legal board positions 
0 Generating a position by picking a board state from the previous game, then 

applying one of the moves that was not executed 
A strategy of your own design 

Discuss tradeoffs among these strategies. Which do you feel would work best if the 
number of training examples was held constant, given the performance measure of 
winning the most games at the world championships? 

1.5. Implement an algorithm similar to that discussed for the checkers problem, but use 
the simpler game of tic-tac-toe. Represent the learned function V as a linear com- 



bination of board features of your choice. To train your program, play it repeatedly 
against a second copy of the program that uses a fixed evaluation function you cre- 
ate by hand. Plot the percent of games won by your system, versus the number of 
training games played. 
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CHAPTER 

CONCEPT 
LEARNING 
AND THE 
GENERAL-TO-SPECIFIC 
0,RDERING 

The problem of inducing general functions from specific training examples is central 
to learning. This chapter considers concept learning: acquiring the definition of a 
general category given a sample of positive and negative training examples of the 
category. Concept learning can be formulated as a problem of searching through a 
predefined space of potential hypotheses for the hypothesis that best fits the train- 
ing examples. In many cases this search can be efficiently organized by taking 
advantage of a naturally occurring structure over the hypothesis space-a general- 
to-specific ordering of hypotheses. This chapter presents several learning algorithms 
and considers situations under which they converge to the correct hypothesis. We 
also examine the nature of inductive learning and the justification by which any 
program may successfully generalize beyond the observed training data. 

2.1 INTRODUCTION 

Much of learning involves acquiring general concepts from specific training exam- 
ples. People, for example, continually learn general concepts or categories such 
as "bird," "car," "situations in which I should study more in order to pass the 
exam," etc. Each such concept can be viewed as describing some subset of ob- 
jects or events defined over a larger set (e.g., the subset of animals that constitute 
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birds). Alternatively, each concept can be thought of as a boolean-valued function 
defined over this larger set (e.g., a function defined over all animals, whose value 
is true for birds and false for other animals). 

In this chapter we consider the problem of automatically inferring the general 
definition of some concept, given examples labeled as+.members or nonmembers 
of the concept. This task is commonly referred to as concept learning, or approx- 
imating a boolean-valued function from examples. 

Concept learning. Inferring a boolean-valued function from training examples of 
its input and output. 

2.2 A CONCEPT LEARNING TASK 

To ground our discussion of concept learning, consider the example task of learn- 
ing the target concept "days on which my friend Aldo enjoys his favorite water 
sport." Table 2.1 describes a set of example days, each represented by a set of 
attributes. The attribute EnjoySport indicates whether or not Aldo enjoys his 
favorite water sport on this day. The task is to learn to predict the value of 
EnjoySport for an arbitrary day, based on the values of its other attributes. 

What hypothesis representation shall we provide to the learner in this case? 
Let us begin by considering a simple representation in which each hypothesis 
consists of a conjunction of constraints on the instance attributes. In particular, 
let each hypothesis be a vector of six constraints, specifying the values of the six 
attributes Sky, AirTemp, Humidity, Wind, Water, and Forecast. For each attribute, 
the hypothesis will either 

0 indicate by a "?' that any value is acceptable for this attribute, 
0 specify a single required value (e.g., Warm) for the attribute, or 
0 indicate by a "0" that no value is acceptable. 

If some instance x satisfies all the constraints of hypothesis h, then h clas- 
sifies x as a positive example (h(x) = 1). To illustrate, the hypothesis that Aldo 
enjoys his favorite sport only on cold days with high humidity (independent of 
the values of the other attributes) is represented by the expression 

(?, Cold, High, ?, ?, ?) 

Example Sky AirTemp Humidity Wind Water Forecast EnjoySport 

1 Sunny Warm Normal Strong Warm Same Yes 
2 Sunny Warm High Strong Warm Same Yes 
3 Rainy Cold High Strong Warm Change No 
4 Sunny Warm High Strong Cool Change Yes 

TABLE 2.1 
Positive and negative training examples for the target concept EnjoySport. 
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The most general hypothesis-that every day is a positive example-is repre- 
sented by 

(?, ?, ?, ?, ?, ?) 

and the most specific possible hypothesis-that no day is a positive example-is 
represented by 

(0,0,0,0,0,0) 

To summarize, the EnjoySport concept learning task requires learning the 
set of days for which EnjoySport = yes, describing this set by a conjunction 
of constraints over the instance attributes. In general, any concept learning task 
can be described by the set of instances over which the target function is defined, 
the target function, the set of candidate hypotheses considered by the learner, and 
the set of available training examples. The definition of the EnjoySport concept 
learning task in this general form is given in Table 2.2. 

2.2.1 Notation 

Throughout this book, we employ the following terminology when discussing 
concept learning problems. The set of items over which the concept is defined 
is called the set of instances, which we denote by X. In the current example, X 
is the set of all possible days, each represented by the attributes Sky, AirTemp, 
Humidity, Wind, Water, and Forecast. The concept or function to be learned is 
called the target concept, which we denote by c. In general, c can be any boolean- 
valued function defined over the instances X; that is, c : X + {O,  1). In the current 
example, the target concept corresponds to the value of the attribute EnjoySport 
(i.e., c(x) = 1 if EnjoySport = Yes, and c(x) = 0 if EnjoySport = No). 

- 

0 Given: 
0 Instances X: Possible days, each described by the attributes 

0 Sky (with possible values Sunny, Cloudy, and Rainy), 
0 AirTemp (with values Warm and Cold), 
0 Humidity (with values Normal and High), 
0 Wind (with values Strong and Weak), 
0 Water (with values Warm and Cool), and 
0 Forecast (with values Same and Change). 

0 Hypotheses H: Each hypothesis is described by a conjunction of constraints on the at- 
tributes Sky, AirTemp, Humidity, Wind,  Water, and Forecast. The constraints may be "?" 
(any value is acceptable), " 0  (no value is acceptable), or a specific value. 

0 Target concept c: EnjoySport : X + (0, l )  
0 Training examples D: Positive and negative examples of the target function (see Table 2.1). 

0 Determine: 
0 A hypothesis h in H such that h(x)  = c(x) for all x in X. 

TABLE 2.2 
The EnjoySport concept learning task. 



When learning the target concept, the learner is presented a set of training 
examples, each consisting of an instance x  from X, along with its target concept 
value c ( x )  (e.g., the training examples in Table 2.1). Instances for which c ( x )  = 1 
are called positive examples, or members of the target concept. Instances for which 
C ( X )  = 0 are called negative examples, or nonmembers of the target concept. 
We will often write the ordered pair ( x ,  c ( x ) )  to describe the training example 
consisting of the instance x and its target concept value c ( x ) .  We use the symbol 
D to denote the set of available training examples. 

Given a set of training examples of the target concept c ,  the problem faced 
by the learner is to hypothesize, or estimate, c .  We use the symbol H to denote 
the set of all possible hypotheses that the learner may consider regarding the 
identity of the target concept. Usually H is determined by the human designer's 
choice of hypothesis representation. In general, each hypothesis h  in H represents 
a boolean-valued function defined over X; that is, h  : X --+ {O, 1). The goal of the 
learner is to find a hypothesis h  such that h ( x )  = c ( x )  for a" x  in X. 

2.2.2 The Inductive Learning Hypothesis 

Notice that although the learning task is to determine a hypothesis h identical 
to the target concept c  over the entire set of instances X, the only information 
available about c  is its value over the training examples. Therefore, inductive 
learning algorithms can at best guarantee that the output hypothesis fits the target 
concept over the training data. Lacking any further information, our assumption 
is that the best hypothesis regarding unseen instances is the hypothesis that best 
fits the observed training data. This is the fundamental assumption of inductive 
learning, and we will have much more to say about it throughout this book. We 
state it here informally and will revisit and analyze this assumption more formally 
and more quantitatively in Chapters 5, 6, and 7. 

The inductive learning hypothesis. Any hypothesis found to approximate the target 
function well over a sufficiently large set of training examples will also approximate 
the target function well over other unobserved examples. 

2.3 CONCEPT LEARNING AS SEARCH 

Concept learning can be viewed as the task of searching through a large space of 
hypotheses implicitly defined by the hypothesis representation. The goal of this 
search is to find the hypothesis that best fits the training examples. It is important 
to note that by selecting a hypothesis representation, the designer of the learning 
algorithm implicitly defines the space of all hypotheses that the program can 
ever represent and therefore can ever learn. Consider, for example, the instances 
X and hypotheses H in the EnjoySport learning task. Given that the attribute 
Sky has three possible values, and that AirTemp, Humidity, Wind, Water, and 
Forecast each have two possible values, the instance space X contains exactly 



3  . 2  2 . 2  2 . 2  = 96 distinct instances. A similar calculation shows that there are 
5 .4 -4  - 4  - 4 . 4  = 5  120 syntactically distinct hypotheses within H. Notice, however, 
that every hypothesis containing one or more "IZI" symbols represents the empty 
set of instances; that is, it classifies every instance as negative. Therefore, the 
number of semantically distinct hypotheses is only 1 + (4 .3 .3 .3 .3 .3 )  = 973. Our 
EnjoySport example is a very simple learning task, with a relatively small, finite 
hypothesis space. Most practical learning tasks involve much larger, sometimes 
infinite, hypothesis spaces. 

If we view learning as a search problem, then it is natural that our study 
of learning algorithms will e x a ~ t h e  different strategies for searching the hypoth- 
esis space. We will be particula ly interested in algorithms capable of efficiently 
searching very large or infinite hypothesis spaces, to find the hypotheses that best 
fit the training data. 

2.3.1 General-to-Specific Ordering of Hypotheses 

Many algorithms for concept learning organize the search through the hypothesis 
space by relying on a very useful structure that exists for any concept learning 
problem: a general-to-specific ordering of hypotheses. By taking advantage of this 
naturally occurring structure over the hypothesis space, we can design learning 
algorithms that exhaustively search even infinite hypothesis spaces without explic- 
itly enumerating every hypothesis. To illustrate the general-to-specific ordering, 
consider the two hypotheses 

hi = (Sunny, ?, ?, Strong, ?, ?) 

h2 = (Sunny, ?, ?, ?, ?, ?) 

Now consider the sets of instances that are classified positive by hl and by h2. 
Because h2 imposes fewer constraints on the instance, it classifies more instances 
as positive. In fact, any instance classified positive by hl will also be classified 
positive by h2. Therefore, we say that h2 is more general than hl. 

This intuitive "more general than" relationship between hypotheses can be 
defined more precisely as follows. First, for any instance x in X and hypothesis 
h in H, we say that x satisjies h if and only if h(x) = 1. We now define the 
more-general~han_or.-equal~o relation in terms of the sets of instances that sat- 
isfy the two hypotheses: Given hypotheses hj and hk, hj is more-general-thanm-- 
equaldo hk if and only if any instance that satisfies hk also satisfies hi. 

Definition: Let hj and hk be boolean-valued functions defined over X. Then hj is 
moregeneral-than-or-equal-to hk (written hj 2, h k )  if and only if 

We will also find it useful to consider cases where one hypothesis is strictly more 
general than the other. Therefore, we will say that hj is (strictly) more-generaldhan 



CHAPTER 2 CONCEPT LEARNING AND THE GENERAL-TO-SPECIFIC ORDERING 25 

I m t a n c e s  X H y p o t h e s e s  H 

I I 

A 
Specific 

General 

t 
i 

XI= <Sunny, W a n ,  High, Strong, Cool, Same> h l =  <Sunny, ?, ?, Strong, ?, ?> 

x = <Sunny, Warm, High, Light, Warm, Same> 
2 

h = <Sunny, ?, ?, ?, ?, ?> 
2 

h 3 = <Sunny, ?, ?, 7, Cool, ?> 

FIGURE 2.1 
Instances, hypotheses, and the m o r e - g e n e r a l - t h a n  relation. The box on the left represents the set X 
of all instances, the box on the right the set H of all hypotheses. Each hypothesis corresponds to 
some subset of X-the subset of instances that it classifies positive. The arrows connecting hypotheses 
represent the m o r e - g e n e r a l - t h a n  relation, with the arrow pointing toward the less general hypothesis. 
Note the subset of instances characterized by h2 subsumes the subset characterized by h l ,  hence h2 
is m o r e - g e n e r a l - t h a n  h l .  

hk (written hj >, hk)  if and only if (hj  p,  hk) A (hk 2 ,  hi) .  Finally, we will 
sometimes find the inverse useful and will say that hj  is morespecijkthan hk 
when hk is more_general-than h j .  

To illustrate these definitions, consider the three hypotheses h l ,  h2, and 
h3 from our Enjoysport  example, shown in Figure 2.1. How are these three 
hypotheses related by the p,  relation? As noted earlier, hypothesis h2 is more 
general than hl because every instance that satisfies hl also satisfies h2. Simi- 
larly, h2 is more general than h3. Note that neither hl nor h3 is more general 
than the other; although the instances satisfied by these two hypotheses intersect, 
neither set subsumes the other. Notice also that the p, and >, relations are de- 
fined independent of the target concept. They depend only on which instances 
satisfy the two hypotheses and not on the classification of those instances accord- 
ing to the target concept. Formally, the p,  relation defines a partial order over 
the hypothesis space H (the relation is reflexive, antisymmetric, and transitive). 
Informally, when we say the structure is a partial (as opposed to total) order, we 
mean there may be pairs of hypotheses such as hl and h3, such that hl 2 ,  h3 and 
h3 2,  h l .  

The pg relation is important because it provides a useful structure over the 
hypothesis space H for any concept learning problem. The following sections 
present concept learning algorithms that take advantage of this partial order to 
efficiently organize the search for hypotheses that fit the training data. 



1. Initialize h to the most specific hypothesis in H 

2. For each positive training instance x 
0 For each attribute constraint a, in h 

If the constraint a, is satisfied by x 
Then do nothing 
Else replace a, in h by the next more general constraint that is satisfied by x 

3. Output hypothesis h 

TABLE 2.3 
FIND-S Algorithm. 

2.4 FIND-S: FINDING A MAXIMALLY SPECIFIC HYPOTHESIS 

How can we use the more-general-than partial ordering to organize the search for 
a hypothesis consistent with the observed training examples? One way is to begin 
with the most specific possible hypothesis in H, then generalize this hypothesis 
each time it fails to cover an observed positive training example. (We say that 
a hypothesis "covers" a positive example if it correctly classifies the example as 
positive.) To be more precise about how the partial ordering is used, consider the 
FIND-S algorithm defined in Table 2.3. 

To illustrate this algorithm, assume the learner is given the sequence of 
training examples from Table 2.1 for the EnjoySport task. The first step of FIND- 
S is to initialize h to the most specific hypothesis in H 

Upon observing the first training example from Table 2.1, which happens to be a 
positive example, it becomes clear that our hypothesis is too specific. In particular, 
none of the "0" constraints in h are satisfied by this example, so each is replaced 
by the next more general constraint {hat fits the example; namely, the attribute 
values for this training example. 

h -+ (Sunny, Warm, Normal, Strong, Warm, Same) 

This h is still very specific; it asserts that all instances are negative except for 
the single positive training example we have observed. Next, the second training 
example (also positive in this case) forces the algorithm to further generalize h, 
this time substituting a "?' in place of any attribute value in h that is not satisfied 
by the new example. The refined hypothesis in this case is 

h -+ (Sunny, Warm, ?, Strong, Warm, Same) 

Upon encountering the third training example-in this case a negative exam- 
ple-the algorithm makes no change to h. In fact, the FIND-S algorithm simply 
ignores every negative example! While this may at first seem strange, notice that 
in the current case our hypothesis h is already consistent with the new negative ex- 
ample (i-e., h correctly classifies this example as negative), and hence no revision 



is needed. In the general case, as long as we assume that the hypothesis space H 
contains a hypothesis that describes the true target concept c and that the training 
data contains no errors, then the current hypothesis h can never require a revision 
in response to a negative example. To see why, recall that the current hypothesis 
h is the most specific hypothesis in H consistent with the observed positive exam- 
ples. Because the target concept c is also assumed to be in H and to be consistent 
with the positive training examples, c must be more.general_than-or-equaldo h. 
But the target concept c will never cover a negative example, thus neither will 
h (by the definition of more-general~han). Therefore, no revision to h will be 
required in response to any negative example. 

To complete our trace of FIND-S, the fourth (positive) example leads to a 
further generalization of h 

h t (Sunny, Warm, ?, Strong, ?, ?) 

The FIND-S algorithm illustrates one way in which the more-generaldhan 
partial ordering can be used to organize the search for an acceptable hypothe- 
sis. The search moves from hypothesis to hypothesis, searching from the most 
specific to progressively more general hypotheses along one chain of the partial 
ordering. Figure 2.2 illustrates this search in terms of the instance and hypoth- 
esis spaces. At each step, the hypothesis is generalized only as far as neces- 
sary to cover the new positive example. Therefore, at each stage the hypothesis 
is the most specific hypothesis consistent with the training examples observed 
up to this point (hence the name FIND-S). The literature on concept learning is 

Instances X Hypotheses H 

specific 

General 

* 1 = <Sunny Warm Normal Strong Warm Same>, + h ,  = <Sunny Warm Normal Strong Warm Same> 
x2 = <Sunny Warm High Strong Warm Same>, + h2 = <Sunny Warm ? Strong Warm Same> 

X3 = <Rainy Cold High Strong Warm Change>, - h = <Sunny Warm ? Strong Warm Same> 
3 

x - <Sunny Warm High Strong Cool Change>, + h - <Sunny Warm ? Strong ? ? > 4- 4 - 

FIGURE 2.2 
'The hypothesis space search performed by FINDS. The search begins (ho) with the most specific 
hypothesis in H, then considers increasingly general hypotheses (hl  through h4) as mandated by the 
training examples. In the instance space diagram, positive training examples are denoted by "+," 
negative by "-," and instances that have not been presented as training examples are denoted by a 
solid circle. 



populated by many different algorithms that utilize this same more-general-than 
partial ordering to organize the search in one fashion or another. A number of 
such algorithms are discussed in this chapter, and several others are presented in 
Chapter 10. 

The key property of the FIND-S algorithm is that for hypothesis spaces de- 
scribed by conjunctions of attribute constraints (such as H for the EnjoySport 
task), FIND-S is guaranteed to output the most specific hypothesis within H 
that is consistent with the positive training examples. Its final hypothesis will 
also be consistent with the negative examples provided the correct target con- 
cept is contained in H, and provided the training examples are correct. How- 
ever, there are several questions still left unanswered by this learning algorithm, 
such as: 

Has the learner converged to the correct target concept? Although FIND-S 
will find a hypothesis consistent with the training data, it has no way to 
determine whether it has found the only hypothesis in H consistent with 
the data (i.e., the correct target concept), or whether there are many other 
consistent hypotheses as well. We would prefer a learning algorithm that 
could determine whether it had converged and, if not, at least characterize 
its uncertainty regarding the true identity of the target concept. 

0 Why prefer the most specific hypothesis? In case there are multiple hypothe- 
ses consistent with the training examples, FIND-S will find the most specific. 
It is unclear whether we should prefer this hypothesis over, say, the most 
general, or some other hypothesis of intermediate generality. 

0 Are the training examples consistent? In most practical learning problems 
there is some chance that the training examples will contain at least some 
errors or noise. Such inconsistent sets of training examples can severely 
mislead FIND-S, given the fact that it ignores negative examples. We would 
prefer an algorithm that could at least detect when the training data is in- 
consistent and, preferably, accommodate such errors. 

0 What if there are several maximally specific consistent hypotheses? In the 
hypothesis language H for the EnjoySport task, there is always a unique, 
most specific hypothesis consistent with any set of positive examples. How- 
ever, for other hypothesis spaces (discussed later) there can be several maxi- 
mally specific hypotheses consistent with the data. In this case, FIND-S must 
be extended to allow it to backtrack on its choices of how to generalize the 
hypothesis, to accommodate the possibility that the target concept lies along 
a different branch of the partial ordering than the branch it has selected. Fur- 
thermore, we can define hypothesis spaces for which there is no maximally 
specific consistent hypothesis, although this is more of a theoretical issue 
than a practical one (see Exercise 2.7). 



2.5 VERSION SPACES AND THE CANDIDATE-ELIMINATION 
ALGORITHM 

This section describes a second approach to concept learning, the CANDIDATE- 
ELIMINATION algorithm, that addresses several of the limitations of FIND-S. Notice 
that although FIND-S outputs a hypothesis from H,that is consistent with the 
training examples, this is just one of many hypotheses from H that might fit the 
training data equally well. The key idea in the CANDIDATE-ELIMINATION algorithm 
is to output a description of the set of all hypotheses consistent with the train- 
ing examples. Surprisingly, the CANDIDATE-ELIMINATION algorithm computes the 
description of this set without explicitly enumerating all of its members. This is 
accomplished by again using the more-general-than partial ordering, this time 
to maintain a compact representation of the set of consistent hypotheses and to 
incrementally refine this representation as each new training example is encoun- 
tered. 

The CANDIDATE-ELIMINATION algorithm has been applied to problems such 
as learning regularities in chemical mass spectroscopy (Mitchell 1979) and learn- 
ing control rules for heuristic search (Mitchell et al. 1983). Nevertheless, prac- 
tical applications of the CANDIDATE-ELIMINATION and FIND-S algorithms are lim- 
ited by the fact that they both perform poorly when given noisy training data. 
More importantly for our purposes here, the CANDIDATE-ELIMINATION algorithm 
provides a useful conceptual framework for introducing several fundamental is- 
sues in machine learning. In the remainder of this chapter we present the algo- 
rithm and discuss these issues. Beginning with the next chapter, we will ex- 
amine learning algorithms that are used more frequently with noisy training 
data. 

2.5.1 Representation 

The CANDIDATE-ELIMINATION algorithm finds all describable hypotheses that are 
consistent with the observed training examples. In order to define this algorithm 
precisely, we begin with a few basic definitions. First, let us say that a hypothesis 
is consistent with the training examples if it correctly classifies these examples. 

Definition: A hypothesis h is consistent with a set of training examples D if and 
only if h(x) = c(x) for each example (x, c(x))  in D. 

Notice the key difference between this definition of consistent and our earlier 
definition of satisfies. An example x is said to satisfy hypothesis h  when h(x) = 1, 
regardless of whether x is a positive or negative example of the target concept. 
However, whether such an example is consistent with h  depends on the target 
concept, and in particular, whether h(x )  = c (x ) .  

The CANDIDATE-ELIMINATION algorithm represents the set of all hypotheses 
consistent with the observed training examples. This subset of all hypotheses is 



called the version space with respect to the hypothesis space H and the training 
examples D, because it contains all plausible versions of the target concept. 

Dejnition: The version space, denoted V S H V D ,  with respect to hypothesis space H 
and training examples D, is the subset of hypotheses from H consistent with the 
training examples in D. 

V S H , ~  = {h E HIConsistent(h, D ) ]  

2.5.2 The LIST-THEN-ELIMINATE Algorithm 

One obvious way to represent the version space is simply to list all of its members. 
This leads to a simple learning algorithm, which we might call the LIST-THEN- 
ELIMINATE algorithm, defined in Table 2.4. 

The LIST-THEN-ELIMINATE algorithm first initializes the version space to con- 
tain all hypotheses in H, then eliminates any hypothesis found inconsistent with 
any training example. The version space of candidate hypotheses thus shrinks 
as more examples are observed, until ideally just one hypothesis remains that is 
consistent with all the observed examples. This, presumably, is the desired target 
concept. If insufficient data is available to narrow the version space to a single 
hypothesis, then the algorithm can output the entire set of hypotheses consistent 
with the observed data. 

In principle, the LIST-THEN-ELIMINATE algorithm can be applied whenever 
the hypothesis space H is finite. It has many advantages, including the fact that it 
is guaranteed to output all hypotheses consistent with the training data. Unfortu- 
nately, it requires exhaustively enumerating all hypotheses in H-an unrealistic 
requirement for all but the most trivial hypothesis spaces. 

2.5.3 A More Compact Representation for Version Spaces 

The CANDIDATE-ELIMINATION algorithm works on the same principle as the above 
LIST-THEN-ELIMINATE algorithm. However, it employs a much more compact rep- 
resentation of the version space. In particular, the version space is represented 
by its most general and least general members. These members form general and 
specific boundary sets that delimit the version space within the partially ordered 
hypothesis space. 

The LIST-THEN-ELIMINATE Algorithm 

1. VersionSpace c a list containing every hypothesis in H 

2. For each training example, ( x ,  c (x) )  

remove from VersionSpace any hypothesis h for which h(x) # c ( x )  
3. Output the list of hypotheses in VersionSpace 

TABLE 2.4 
The LIST-THEN-ELIMINATE algorithm. 



{<Sunny, Warm, ?, Strong, 7, ?> 1 

<Sunny, ?, 7, Strong, 7, ?> <Sunny, Warm, ?. ?, ?, ?> <?, Warm, ?, strbng, ?, ?> 

FIGURE 2.3 
A version space with its general and specific boundary sets. The version space includes all six 
hypotheses shown here, but can be represented more simply by S and G .  Arrows indicate instances 
of the more-general-than relation. This is the version space for the Enjoysport  concept learning 
problem and training examples described in Table 2.1. 

To illustrate this representation for version spaces, consider again the En- 
joysport concept learning problem described in Table 2.2. Recall that given the 
four training examples from Table 2.1, FIND-S outputs the hypothesis 

h = (Sunny, Warm, ?, Strong, ?, ?) 

In fact, this is just one of six different hypotheses from H that are consistent 
with these training examples. All six hypotheses are shown in Figure 2.3. They 
constitute the version space relative to this set of data and this hypothesis repre- 
sentation. The arrows among these six hypotheses in Figure 2.3 indicate instances 
of the more-general~han relation. The CANDIDATE-ELIMINATION algorithm rep- 
resents the version space by storing only its most general members (labeled G 
in Figure 2.3) and its most specific (labeled S in the figure). Given only these 
two sets S and G, it is possible to enumerate all members of the version space 
as needed by generating the hypotheses that lie between these two sets in the 
general-to-specific partial ordering over hypotheses. 

It is intuitively plausible that we can represent the version space in terms of 
its most specific and most general members. Below we define the boundary sets 
G and S precisely and prove that these sets do in fact represent the version space. 

Definition: The general boundary G, with respect to hypothesis space H and training 
data D, is the set of maximally general members of H consistent with D. 

G = {g E HIConsistent(g, D) A (-3gf E H)[(gf  >, g) A Consistent(gt, D)]]  

Definition: The specific boundary S, with respect to hypothesis space H and training 
data D, is the set of minimally general (i.e., maximally specific) members of H 
consistent with D. 

S rn {s E H(Consistent(s, D) A (-3s' E H)[(s >, s f )  A Consistent(st, D)])  



As long as the sets G and S are well defined (see Exercise 2.7), they com- 
pletely specify the version space. In particular, we can show that the version space 
is precisely the set of hypotheses contained in G ,  plus those contained in S, plus 
those that lie between G and S in the partially ordered hypothesis space. This is 
stated precisely in Theorem 2.1. 

Theorem 2.1. Version space representation theorem. Let X be an arbitrary set 
of instances and let H be a set of boolean-valued hypotheses defined over X. Let 
c : X + {O, 1) be an arbitrary target concept defined over X, and let D be an 
arbitrary set of training examples {(x, c(x))). For all X, H, c, and D such that S  and 
G are well defined, 

Proof. To prove the theorem it suffices to show that (1) every h satisfying the right- 
hand side of the above expression is in V S H , ~  and (2) every member of V S H , ~  
satisfies the right-hand side of the expression. To show (1) let g be an arbitrary 
member of G,  s be an arbitrary member of S, and h be an arbitrary member of H, 
such that g 2, h 2, s. Then by the definition of S, s must be satisfied by all positive 
examples in D. Because h 2, s, h must also be satisfied by all positive examples in 
D. Similarly, by the definition of G,  g cannot be satisfied by any negative example 
in D, and because g 2, h, h cannot be satisfied by any negative example in D. 
Because h is satisfied by all positive examples in D and by no negative examples 
in D, h is consistent with D, and therefore h is a member of V S H , ~ .  This proves 
step (1). The argument for (2) is a bit more complex. It can be proven by assuming 
some h in V S H , ~  that does not satisfy the right-hand side of the expression, then 
showing that this leads to an inconsistency. (See Exercise 2.6.) 0 

2.5.4 CANDIDATE-ELIMINATION Learning Algorithm 

The CANDIDATE-ELIMINATION algorithm computes the version space containing 
all hypotheses from H that are consistent with an observed sequence of training 
examples. It begins by initializing the version space to the set of all hypotheses 
in H; that is, by initializing the G boundary set to contain the most general 
hypothesis in H 

Go + {(?, ?, ?, ?, ?, ?)} 

and initializing the S boundary set to contain the most specific (least general) 
hypothesis 

so c- ((@,PI, @,PI, 0,0)1 

These two boundary sets delimit the entire hypothesis space, because every other 
hypothesis in H is both more general than So and more specific than Go.  As 
each training example is considered, the S and G boundary sets are generalized 
and specialized, respectively, to eliminate from the version space any hypothe- 
ses found inconsistent with the new training example. After all examples have 
been processed, the computed version space contains all the hypotheses consis- 
tent with these examples and only these hypotheses. This algorithm is summarized 
in Table 2.5. 
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Initialize G to the set of maximally general hypotheses in H 
Initialize S to the set of maximally specific hypotheses in H 
For each training example d, do 
0 If d is a positive example 

Remove from G any hypothesis inconsistent with d , 
0 For each hypothesis s in S that is not consistent with d ,- 

0 Remove s from S 
0 Add to S all minimal generalizations h of s such that 

0 h is consistent with d, and some member of G is more general than h 
0 Remove from S any hypothesis that is more general than another hypothesis in S 

0 If d is a negative example 
0 Remove from S any hypothesis inconsistent with d 

For each hypothesis g in G that is not consistent with d 
Remove g from G 

0 Add to G all minimal specializations h of g such that 
0 h is consistent with d, and some member of S is more specific than h 

0 Remove from G any hypothesis that is less general than another hypothesis in G 

TABLE 2.5 
CANDIDATE-ELIMINATION algorithm using version spaces. Notice the duality in how positive and 
negative examples influence S and G. 

Notice that the algorithm is specified in terms of operations such as comput- 
ing minimal generalizations and specializations of given hypotheses, and identify- 
ing nonrninimal and nonmaximal hypotheses. The detailed implementation of these 
operations will depend, of course, on the specific representations for instances and 
hypotheses. However, the algorithm itself can be applied to any concept learn- 
ing task and hypothesis space for which these operations are well-defined. In the 
following example trace of this algorithm, we see how such operations can be 
implemented for the representations used in the EnjoySport example problem. 

2.5.5 An Illustrative Example 

Figure 2.4 traces the CANDIDATE-ELIMINATION algorithm applied to the first two 
training examples from Table 2.1. As described above, the boundary sets are first 
initialized to Go and So, the most general and most specific hypotheses in H, 
respectively. 

When the first training example is presented (a positive example in this 
case), the CANDIDATE-ELIMINATION algorithm checks the S boundary and finds 
that it is overly specific-it fails to cover the positive example. The boundary is 
therefore revised by moving it to the least more general hypothesis that covers 
this new example. This revised boundary is shown as S1 in Figure 2.4. No up- 
date of the G boundary is needed in response to this training example because 
Go correctly covers this example. When the second training example (also pos- 
itive) is observed, it has a similar effect of generalizing S further to S2, leaving 
G again unchanged (i.e., G2 = GI = GO). Notice the processing of these first 
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S 1 : {<Sunny, Warm, Normal, Strong, Warm, Same> } 1 

Training examples: 

t 

1 .  <Sunny, Warm, Normal, Strong, Warm, Same>, Enjoy Sport = Yes 

2 .  <Sunny, Warm, High, Strong, Warm, Same>, Enjoy Sport = Yes 

S2 : 

FIGURE 2.4 
CANDIDATE-ELIMINATION Trace 1. So and Go are the initial boundary sets corresponding to the most 
specific and most general hypotheses. Training examples 1 and 2 force the S boundary to become 
more general, as in the FIND-S algorithm. They have no effect on the G boundary. 

{<Sunny, Warm, ?, Strong, Warm, Same>} 

two positive examples is very similar to the processing performed by the FIND-S 
algorithm. 

As illustrated by these first two steps, positive training examples may force 
the S boundary of the version space to become increasingly general. Negative 
training examples play the complimentary role of forcing the G boundary to 
become increasingly specific. Consider the third training example, shown in Fig- 
ure 2.5. This negative example reveals that the G boundary of the version space 
is overly general; that is, the hypothesis in G incorrectly predicts that this new 
example is a positive example. The hypothesis in the G boundary must therefore 
be specialized until it correctly classifies this new negative example. As shown in 
Figure 2.5, there are several alternative minimally more specific hypotheses. All 
of these become members of the new G3 boundary set. - 

Given that there are six attributes that could be specified to specialize G2, 
why are there only three new hypotheses in G3? For example, the hypothesis 
h = (?, ?, Normal, ?, ?, ?) is a minimal specialization of G2 that correctly la- 
bels the new example as a negative example, but it is not included in Gg. The 
reason this hypothesis is excluded is that it is inconsistent with the previously 
encountered positive examples. The algorithm determines this simply by noting 
that h is not more general than the current specific boundary, Sz. In fact, the S 
boundary of the version space forms a summary of the previously encountered 
positive examples that can be used to determine whether any given hypothesis 
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s2 9 s 3 : 

Training Example: 

( <Sunny, Wann, ?. Strong, W a r n  Same> )] 

G 3: 

3. <Rainy, Cold, High, Strong, Warm, Change>, EnjoySporkNo 

(<Sunny, ?, ?, ?, ?, ?> <?, Wann, ?, ?, ?, ?> <?, ?, ?, ?, ?, Same>} 

FIGURE 2.5 
CANDIDATE-ELMNATION Trace 2. Training example 3 is a negative example that forces the G2 
boundary to be specialized to G3. Note several alternative maximally general hypotheses are included 
in Gj. 

is consistent with these examples. Any hypothesis more general than S will, by 
definition, cover any example that S covers and thus will cover any past positive 
example. In a dual fashion, the G boundary summarizes the information from 
previously encountered negative examples. Any hypothesis more specific than G 
is assured to be consistent with past negative examples. This is true because any 
such hypothesis, by definition, cannot cover examples that G does not cover. 

The fourth training example, as shown in Figure 2.6, further generalizes the 
S boundary of the version space. It also results in removing one member of the G 
boundary, because this member fails to cover the new positive example. This last 
action results from the first step under the condition "If d is a positive example" 
in the algorithm shown in Table 2.5. To understand the rationale for this step, it is 
useful to consider why the offending hypothesis must be removed from G. Notice 
it cannot be specialized, because specializing it would not make it cover the new 
example. It also cannot be generalized, because by the definition of G, any more 
general hypothesis will cover at least one negative training example. Therefore, 
the hypothesis must be dropped from the G boundary, thereby removing an entire 
branch of the partial ordering from the version space of hypotheses remaining 
under consideration. 

After processing these four examples, the boundary sets S4 and G4 delimit 
the version space of all hypotheses consistent with the set of incrementally ob- 
served training examples. The entire version space, including those hypotheses 

A 

'32: I<?, ?, ?, ?, ? , ? > I  



S 3: {<Sunny, Warm, ?, Strong, Warm, Same>) 

I 
S 4: I ( <Sunny, Warm ?, Strong, ?, ?> ) I 

Training Example: 

4. <Sunny, Warm, High, Strong, Cool, Change>, EnjoySport = Yes 

FIGURE 2.6 
CANDIDATE-ELIMINATION Trace 3. The positive training example generalizes the S boundary, from 
S3 to S4. One member of Gg must also be deleted, because it is no longer more general than the S4 
boundary. 

bounded by S4 and G4, is shown in Figure 2.7. This learned version space is 
independent of the sequence in which the training examples are presented (be- 
cause in the end it contains all hypotheses consistent with the set of examples). 
As further training data is encountered, the S and G boundaries will move mono- 
tonically closer to each other, delimiting a smaller and smaller version space of 
candidate hypotheses. 

<Sunny, ?, ?, Strong, ?, ?> <Sunny, Warm, ?, ?, ?, ?> <?, Warm, ?, Strong, ?, ?> 

s4: 

{<Sunny, ?, ?, ?, ?, ?>, <?, Warm, ?, ?, ?, ?>) 

{<Sunny, Warm, ?, Strong, ?, ?>) 

FIGURE 2.7 
The final version space for the EnjoySport concept learning problem and training examples described 
earlier. 
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2.6 REMARKS ON VERSION SPACES AND CANDIDATE-ELIMINATION 

2.6.1 Will the CANDIDATE-ELIMINATION Algorithm Converge to the 
Correct Hypothesis? 

The version space learned by the CANDIDATE-ELIMINATION algorithm will con- 
verge toward the hypothesis that correctly describes the target concept, provided 
(1) there are no errors in the training examples, and (2) there is some hypothesis 
in H that correctly describes the target concept. In fact, as new training examples 
are observed, the version space can be monitored to determine the remaining am- 
biguity regarding the true target concept and to determine when sufficient training 
examples have been observed to unambiguously identify the target concept. The 
target concept is exactly learned when the S and G boundary sets converge to a 
single, identical, hypothesis. 

What will happen if the training data contains errors? Suppose, for example, 
that the second training example above is incorrectly presented as a negative 
example instead of a positive example. Unfortunately, in this case the algorithm 
is certain to remove the correct target concept from the version space! Because, 
it will remove every hypothesis that is inconsistent with each training example, it 
will eliminate the true target concept from the version space as soon as this false 
negative example is encountered. Of course, given sufficient additional training 
data the learner will eventually detect an inconsistency by noticing that the S and 
G boundary sets eventually converge to an empty version space. Such an empty 
version space indicates that there is no hypothesis in H consistent with all observed 
training examples. A similar symptom will appear when the training examples are 
correct, but the target concept cannot be described in the hypothesis representation 
(e.g., if the target concept is a disjunction of feature attributes and the hypothesis 
space supports only conjunctive descriptions). We will consider such eventualities 
in greater detail later. For now, we consider only the case in which the training 
examples are correct and the true target concept is present in the hypothesis space. 

2.6.2 What Training Example Should the Learner Request Next? 

Up to this point we have assumed that training examples are provided to the 
learner by some external teacher. Suppose instead that the learner is allowed to 
conduct experiments in which it chooses the next instance, then obtains the correct 
classification for this instance from an external oracle (e.g., nature or a teacher). 
This scenario covers situations in which the learner may conduct experiments in 
nature (e.g., build new bridges and allow nature to classify them as stable or 
unstable), or in which a teacher is available to provide the correct classification 
(e.g., propose a new bridge and allow the teacher to suggest whether or not it will 
be stable). We use the term query to refer to such instances constructed by the 
learner, which are then classified by an external oracle. 

Consider again the version space learned from the four training examples 
of the Enjoysport  concept and illustrated in Figure 2.3. What would be a good 
query for the learner to pose at this point? What is a good query strategy in 



general? Clearly, the learner should attempt to discriminate among the alternative 
competing hypotheses in its current version space. Therefore, it should choose 
an instance that would be classified positive by some of these hypotheses, but 
negative by others. One such instance is 

(Sunny, Warm, Normal, Light, Warm, Same) 

Note that this instance satisfies three of the six hypotheses in the current 
version space (Figure 2.3). If the trainer classifies this instance as a positive ex- 
ample, the S boundary of the version space can then be generalized. Alternatively, 
if the trainer indicates that this is a negative example, the G boundary can then be 
specialized. Either way, the learner will succeed in learning more about the true 
identity of the target concept, shrinking the version space from six hypotheses to 
half this number. 

In general, the optimal query strategy for a concept learner is to generate 
instances that satisfy exactly half the hypotheses in the current version space. 
When this is possible, the size of the version space is reduced by half with each 
new example, and the correct target concept can therefore be found with only 
rlog2JVS11 experiments. The situation is analogous to playing the game twenty 
questions, in which the goal is to ask yes-no questions to determine the correct 
hypothesis. The optimal strategy for playing twenty questions is to ask questions 
that evenly split the candidate hypotheses into sets that predict yes and no. While 
we have seen that it is possible to generate an instance that satisfies precisely 
half the hypotheses in the version space of Figure 2.3, in general it may not be 
possible to construct an instance that matches precisely half the hypotheses. In 
such cases, a larger number of queries may be required than rlog21VS(1. 

2.6.3 How Can Partially Learned Concepts Be Used? 

Suppose that no additional training examples are available beyond the four in 
our example above, but that the learner is now required to classify new instances 
that it has not yet observed. Even though the version space of Figure 2.3 still 
contains multiple hypotheses, indicating that the target concept has not yet been 
fully learned, it is possible to classify certain examples with the same degree of 
confidence as if the target concept had been uniquely identified. To illustrate, 
suppose the learner is asked to classify the four new instances shown in Ta- 
ble 2.6. 9 

Note that although instance A was not among the training examples, it is 
classified as a positive instance by every hypothesis in the current version space 
(shown in Figure 2.3). Because the hypotheses in the version space unanimously 
agree that this is a positive instance, the learner can classify instance A as positive 
with the same confidence it would have if it had already converged to the single, 
correct target concept. Regardless of which hypothesis in the version space is 
eventually found to be the correct target concept, it is already clear that it will 
classify instance A as a positive example. Notice furthermore that we need not 
enumerate every hypothesis in the version space in order to test whether each 
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Instance Sky AirTemp Humidity Wind Water Forecast EnjoySport 
- 

A Sunny Warm Normal Strong Cool Change ? 
B Rainy Cold Normal Light Warm Same ? 
C Sunny Warm Normal Light Warm Same ? 
D Sunny Cold Normal Strong Warm Same ? 

TABLE 2.6 
New instances to be classified. 

classifies the instance as positive. This condition will be met if and only if the 
instance satisfies every member of S (why?). The reason is that every other hy- 
pothesis in the version space is at least as general as some member of S. By our 
definition of more-general~han, if the new instance satisfies all members of S it 
must also satisfy each of these more general hypotheses. 

Similarly, instance B is classified as a negative instance by every hypothesis 
in the version space. This instance can therefore be safely classified as negative, 
given the partially learned concept. An efficient test for this condition is that the 
instance satisfies none of the members of G (why?). 

Instance C presents a different situation. Half of the version space hypotheses 
classify it as positive and half classify it as negative. Thus, the learner cannot 
classify this example with confidence until further training examples are available. 
Notice that instance C is the same instance presented in the previous section as 
an optimal experimental query for the learner. This is to be expected, because 
those instances whose classification is most ambiguous are precisely the instances 
whose true classification would provide the most new information for refining the 
version space. 

Finally, instance D is classified as positive by two of the version space 
hypotheses and negative by the other four hypotheses. In this case we have less 
confidence in the classification than in the unambiguous cases of instances A 
and B. Still, the vote is in favor of a negative classification, and one approach 
we could take would be to output the majority vote, perhaps with a confidence 
rating indicating how close the vote was. As we will discuss in Chapter 6, if we 
assume that all hypotheses in H are equally probable a priori, then such a vote 
provides the most probable classification of this new instance. Furthermore, the 
proportion of hypotheses voting positive can be interpreted as the probability that 
this instance is positive given the training data. 

2.7 INDUCTIVE BIAS 

As discussed above, the CANDIDATE-ELIMINATION algorithm will converge toward 
the true target concept provided it is given accurate training examples and pro- 
vided its initial hypothesis space contains the target concept. What if the target 
concept is not contained in the hypothesis space? Can we avoid this difficulty by 
using a hypothesis space that includes every possible hypothesis? How does the 



size of this hypothesis space influence the ability of the algorithm to generalize 
to unobserved instances? How does the size of the hypothesis space influence the 
number of training examples that must be observed? These are fundamental ques- 
tions for inductive inference in general. Here we examine them in the context of 
the CANDIDATE-ELIMINATION algorithm. As we shall see, though, the conclusions 
we draw from this analysis will apply to any concept learning system that outputs 
any hypothesis consistent with the training data. 

2.7.1 A Biased Hypothesis Space 

Suppose we wish to assure that the hypothesis space contains the unknown tar- 
get concept. The obvious solution is to enrich the hypothesis space to include 
every possible hypothesis. To illustrate, consider again the EnjoySpor t example in 
which we restricted the hypothesis space to include only conjunctions of attribute 
values. Because of this restriction, the hypothesis space is unable to represent 
even simple disjunctive target concepts such as "Sky = Sunny or Sky = Cloudy." 
In fact, given the following three training examples of this disjunctive hypothesis, 
our algorithm would find that there are zero hypotheses in the version space. 

Example Sky AirTemp Humidity Wind Water Forecast EnjoySport 

1 Sunny Warm Normal Strong Cool Change Yes 
2 Cloudy Warm Normal Strong Cool Change Yes 
3 Rainy Warm Normal Strong Cool Change No 

To see why there are no hypotheses consistent with these three examples, 
note that the most specific hypothesis consistent with the first two examples and 
representable in the given hypothesis space H is 

S2 : (?, Warm, Normal, Strong, Cool, Change) 

This hypothesis, although it is the maximally specific hypothesis from H that is 
consistent with the first two examples, is already overly general: it incorrectly 
covers the third (negative) training example. The problem is that we have biased 
the learner to consider only conjunctive hypotheses. In this case we require a more 
expressive hypothesis space. 

2.7.2 An Unbiased Learner 

The obvious solution to the problem of assuring that the target concept is in the 
hypothesis space H is to provide a hypothesis space capable of representing every 
teachable concept; that is, it is capable of representing every possible subset of the 
instances X. In general, the set of all subsets of a set X is called thepowerset of X. 

In the EnjoySport learning task, for example, the size of the instance space 
X of days described by the six available attributes is 96. How many possible 
concepts can be defined over this set of instances? In other words, how large is 



the power set of X? In general, the number of distinct subsets that can be defined 
over a set X containing 1x1 elements (i.e., the size of the power set of X) is 21'1. 
Thus, there are 296, or approximately distinct target concepts that could be 
defined over this instance space and that our learner might be called upon to learn. 
Recall from Section 2.3 that our conjunctive hypothesis space is able to represent 
only 973 of these-a very biased hypothesis space indeed! 

Let us reformulate the Enjoysport learning task in an unbiased way by 
defining a new hypothesis space H' that can represent every subset of instances; 
that is, let H' correspond to the power set of X. One way to define such an H' is to 
allow arbitrary disjunctions, conjunctions, and negations of our earlier hypotheses. 
For instance, the target concept "Sky = Sunny or Sky = Cloudy" could then be 
described as 

(Sunny, ?, ?, ?, ?, ?) v (Cloudy, ?, ?, ?, ?, ?) 

Given this hypothesis space, we can safely use the CANDIDATE-ELIMINATION 
algorithm without worrying that the target concept might not be expressible. How- 
ever, while this hypothesis space eliminates any problems of expressibility, it un- 
fortunately raises a new, equally difficult problem: our concept learning algorithm 
is now completely unable to generalize beyond the observed examples! To see 
why, suppose we present three positive examples (xl, x2, x3) and two negative ex- 
amples (x4, x5) to the learner. At this point, the S boundary of the version space 
will contain the hypothesis which is just the disjunction of the positive examples 

because this is the most specific possible hypothesis that covers these three exam- 
ples. Similarly, the G boundary will consist of the hypothesis that rules out only 
the observed negative examples 

The problem here is that with this very expressive hypothesis representation, 
the S boundary will always be simply the disjunction of the observed positive 
examples, while the G boundary will always be the negated disjunction of the 
observed negative examples. Therefore, the only examples that will be unambigu- 
ously classified by S and G are the observed training examples themselves. In 
order to converge to a single, final target concept, we will have to present every 
single instance in X as a training example! 

It might at first seem that we could avoid this difficulty by simply using the 
partially learned version space and by taking a vote among the members of the 
version space as discussed in Section 2.6.3. Unfortunately, the only instances that 
will produce a unanimous vote are the previously observed training examples. For, 
all the other instances, taking a vote will be futile: each unobserved instance will 
be classified positive by precisely half the hypotheses in the version space and 
will be classified negative by the other half (why?). To see the reason, note that 
when H is the power set of X and x is some previously unobserved instance, 
then for any hypothesis h in the version space that covers x, there will be anoQer 



hypothesis h' in the power set that is identical to h except for its classification of 
x. And of course if h is in the version space, then h' will be as well, because it 
agrees with h on all the observed training examples. 

2.7.3 The Futility of Bias-Free Learning 

The above discussion illustrates a fundamental property of inductive inference: 
a learner that makes no a priori assumptions regarding the identity of the tar- 
get concept has no rational basis for classifying any unseen instances. In fact, 
the only reason that the CANDIDATE-ELIMINATION algorithm was able to gener- 
alize beyond the observed training examples in our original formulation of the 
EnjoySport task is that it was biased by the implicit assumption that the target 
concept could be represented by a conjunction of attribute values. In cases where 
this assumption is correct (and the training examples are error-free), its classifica- 
tion of new instances will also be correct. If this assumption is incorrect, however, 
it is certain that the CANDIDATE-ELIMINATION algorithm will rnisclassify at least 
some instances from X. 

Because inductive learning requires some form of prior assumptions, or 
inductive bias, we will find it useful to characterize different learning approaches 
by the inductive biast they employ. Let us define this notion of inductive bias 
more precisely. The key idea we wish to capture here is the policy by which the 
learner generalizes beyond the observed training data, to infer the classification 
of new instances. Therefore, consider the general setting in which an arbitrary 
learning algorithm L is provided an arbitrary set of training data D, = {(x, c(x))} 
of some arbitrary target concept c. After training, L is asked to classify a new 
instance xi. Let L(xi, D,) denote the classification (e.g., positive or negative) that 
L assigns to xi after learning from the training data D,. We can describe this 
inductive inference step performed by L as follows 

where the notation y + z indicates that z is inductively inferred from y. For 
example, if we take L to be the CANDIDATE-ELIMINATION algorithm, D, to be 
the training data from Table 2.1, and xi to be the fist instance from Table 2.6, 
then the inductive inference performed in this case concludes that L(xi, D,) = 
(EnjoySport = yes). 

Because L is an inductive learning algorithm, the result L(xi, D,) that it in- 
fers will not in general be provably correct; that is, the classification L(xi, D,) need 
not follow deductively from the training data D, and the description of the new 
instance xi. However, it is interesting to ask what additional assumptions could be 
added to D, r\xi so that L(xi, D,) would follow deductively. We define the induc- 
tive bias of L as this set of additional assumptions. More precisely, we define the 

t ~ h e  term inductive bias here is not to be confused with the term estimation bias commonly used in 
statistics. Estimation bias will be discussed in Chapter 5. 
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inductive bias of L to be the set of assumptions B such that for all new instances xi 

( B  A D, A x i )  F L(xi ,  D,)  

where the notation y  t z indicates that z follows deductively from y (i.e., that z 
is provable from y) .  Thus, we define the inductive bias of a learner as the set of 
additional assumptions B sufficient to justify its inductive inferences as deductive 
inferences. To summarize, 

Definition: Consider a concept learning algorithm L  for the set of instances X. Let 
c be an arbitrary concept defined over X, and let D, = ( ( x ,  c ( x ) ) }  be an arbitrary 
set of training examples of c. Let L(xi,  D,) denote the classification assigned to 
the instance xi by L  after training on the data D,. The inductive bias of L  is any 
minimal set of assertions B  such that for any target concept c and corresponding 
training examples Dc 

(Vxi E X ) [ ( B  A Dc A xi) k L(xi, D,)] (2.1) 

What, then, is the inductive bias of the CANDIDATE-ELIMINATION algorithm? 
To answer this, let us specify L(xi ,  D,) exactly for this algorithm: given a set 
of data D,, the CANDIDATE-ELIMINATION algorithm will first compute the version 
space VSH,D,, then classify the new instance xi by a vote among hypotheses in this 
version space. Here let us assume that it will output a classification for xi only if 
this vote among version space hypotheses is unanimously positive or negative and 
that it will not output a classification otherwise. Given this definition of L(xi ,  D,) 
for the CANDIDATE-ELIMINATION algorithm, what is its inductive bias? It is simply 
the assumption c  E H. Given this assumption, each inductive inference performed 
by the CANDIDATE-ELIMINATION algorithm can be justified deductively. 

To see why the classification L(xi ,  D,) follows deductively from B = {c E 

H), together with the data D, and description of the instance xi, consider the fol- 
lowing argument. First, notice that if we assume c E H then it follows deductively 
that c E VSH,Dc.  This follows from c E H, from the definition of the version space 
VSH,D,  as the set of all hypotheses in H that are consistent with D,, and from our 
definition of D, = {(x, c ( x ) ) }  as training data consistent with the target concept 
c. Second, recall that we defined the classification L(xi ,  D,) to be the unanimous 
vote of all hypotheses in the version space. Thus, if L outputs the classification 
L ( x , ,  D,) ,  it must be the case the every hypothesis in V S H , ~ ,  also produces this 
classification, including the hypothesis c  E VSHYDc.  Therefore c (x i )  = L(xi, D,). 
To summarize, the CANDIDATE-ELIMINATION algorithm defined in this fashion can 
be characterized by the following bias 

Inductive bias of CANDIDATE-ELIMINATION algorithm. The target concept c is 
contained in the given hypothesis space H. 

Figure 2.8 summarizes the situation schematically. The inductive CANDIDATE- 
ELIMINATION algorithm at the top of the figure takes two inputs: the training exam- 
ples and a new instance to be classified. At the bottom of the figure, a deductive 



44 MACHINE LEARNING 

Inductive system 
Classification of 

Candidate new instance, or Training examples Elimination "don't know" 

New instance Using Hypothesis 
Space H 

Equivalent deductive system 
I I Classification of 

Training examples I new instance, or 
"don't know" 

Theorem Prover 

Assertion " Hcontains 
the target concept" 

-D 

P 
Inductive bias 
made explicit 

FIGURE 2.8 
Modeling inductive systems by equivalent deductive systems. The input-output behavior of the 
CANDIDATE-ELIMINATION algorithm using a hypothesis space H is identical to that of a deduc- 
tive theorem prover utilizing the assertion " H  contains the target concept." This assertion is therefore 
called the inductive bias of the CANDIDATE-ELIMINATION algorithm. Characterizing inductive systems 
by their inductive bias allows modeling them by their equivalent deductive systems. This provides a 
way to compare inductive systems according to their policies for generalizing beyond the observed 
training data. 

theorem prover is given these same two inputs plus the assertion "H contains the 
target concept." These two systems will in principle produce identical outputs for 
every possible input set of training examples and every possible new instance in 
X. Of course the inductive bias that is explicitly input to the theorem prover is 
only implicit in the code of the CANDIDATE-ELIMINATION algorithm. In a sense, it 
exists only in the eye of us beholders. Nevertheless, it is a perfectly well-defined 
set of assertions. 

One advantage of viewing inductive inference systems in terms of their 
inductive bias is that it provides a nonprocedural means of characterizing their 
policy for generalizing beyond the observed data. A second advantage is that it 
allows comparison of different learners according to the strength of the inductive 
bias they employ. Consider, for example, the following three learning algorithms, 
which are listed from weakest to strongest bias. 

1. ROTE-LEARNER: Learning corresponds simply to storing each observed train- 
ing example in memory. Subsequent instances are classified by looking them 
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up in memory. If the instance is found in memory, the stored classification 
is returned. Otherwise, the system refuses to classify the new instance. 

2. CANDIDATE-ELIMINATION algorithm: New instances are classified only in the 
case where all members of the current version space agree on the classifi- 
cation. Otherwise, the system refuses to classify the new instance. 

3. FIND-S: This algorithm, described earlier, finds the most specific hypothesis 
consistent with the training examples. It then uses this hypothesis to classify 
all subsequent instances. 

The ROTE-LEARNER has no inductive bias. The classifications it provides 
for new instances follow deductively from the observed training examples, with 
no additional assumptions required. The CANDIDATE-ELIMINATION algorithm has a 
stronger inductive bias: that the target concept can be represented in its hypothesis 
space. Because it has a stronger bias, it will classify some instances that the ROTE- 
LEARNER will not. Of course the correctness of such classifications will depend 
completely on the correctness of this inductive bias. The FIND-S algorithm has 
an even stronger inductive bias. In addition to the assumption that the target 
concept can be described in its hypothesis space, it has an additional inductive 
bias assumption: that all instances are negative instances unless the opposite is 
entailed by its other know1edge.t 

As we examine other inductive inference methods, it is useful to keep in 
mind this means of characterizing them and the strength of their inductive bias. 
More strongly biased methods make more inductive leaps, classifying a greater 
proportion of unseen instances. Some inductive biases correspond to categorical 
assumptions that completely rule out certain concepts, such as the bias "the hy- 
pothesis space H includes the target concept." Other inductive biases merely rank 
order the hypotheses by stating preferences such as "more specific hypotheses are 
preferred over more general hypotheses." Some biases are implicit in the learner 
and are unchangeable by the learner, such as the ones we have considered here. 
In Chapters 11 and 12 we will see other systems whose bias is made explicit as 
a set of assertions represented and manipulated by the learner. 

2.8 SUMMARY AND FURTHER READING 

The main points of this chapter include: 

Concept learning can be cast as a problem of searching through a large 
predefined space of potential hypotheses. 
The general-to-specific partial ordering of hypotheses, which can be defined 
for any concept learning problem, provides a useful structure for organizing 
the search through the hypothesis space. 

+Notice this last inductive bias assumption involves a kind of default, or nonmonotonic reasoning. 



The FINDS algorithm utilizes this general-to-specific ordering, performing 
a specific-to-general search through the hypothesis space along one branch 
of the partial ordering, to find the most specific hypothesis consistent with 
the training examples. 
The CANDIDATE-ELIMINATION algorithm utilizes this general-to-specific or- 
dering to compute the version space (the set of all hypotheses consistent 
with the training data) by incrementally computing the sets of maximally 
specific (S) and maximally general (G) hypotheses. 
Because the S and G sets delimit the entire set of hypotheses consistent with 
the data, they provide the learner with a description of its uncertainty regard- 
ing the exact identity of the target concept. This version space of alternative 
hypotheses can be examined to determine whether the learner has converged 
to the target concept, to determine when the training data are inconsistent, 
to generate informative queries to further refine the version space, and to 
determine which unseen instances can be unambiguously classified based on 
the partially learned concept. 
Version spaces and the CANDIDATE-ELIMINATION algorithm provide a useful 
conceptual framework for studying concept learning. However, this learning 
algorithm is not robust to noisy data or to situations in which the unknown 
target concept is not expressible in the provided hypothesis space. Chap- 
ter 10 describes several concept learning algorithms based on the general- 
to-specific ordering, which are robust to noisy data. 

0 Inductive learning algorithms are able to classify unseen examples only be- 
cause of their implicit inductive bias for selecting one consistent hypothesis 
over another. The bias associated with the CANDIDATE-ELIMINATION algo- 
rithm is that the target concept can be found in the provided hypothesis 
space (c E H). The output hypotheses and classifications of subsequent in- 
stances follow deductively from this assumption together with the observed 
training data. 
If the hypothesis space is enriched to the point where there is a hypoth- 
esis corresponding to every possible subset of instances (the power set of 
the instances), this will remove any inductive bias from the CANDIDATE- 
ELIMINATION algorithm. Unfortunately, this also removes the ability to clas- 
sify any instance beyond the observed training examples. An unbiased learner 
cannot make inductive leaps to classify unseen examples. 

The idea of concept learning and using the general-to-specific ordering have 
been studied for quite some time. Bruner et al. (1957) provided an early study 
of concept learning in humans, and Hunt and Hovland (1963) an early effort 
to automate it. Winston's (1970) widely known Ph.D. dissertation cast concept 
learning as a search involving generalization and specialization operators. Plotkin 
(1970, 1971) provided an early formalization of the more-general-than relation, 
as well as the related notion of 8-subsumption (discussed in Chapter 10). Simon 
and Lea (1973) give an early account of learning as search through a hypothesis 
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space. Other early concept learning systems include (Popplestone 1969; Michal- 
ski 1973; Buchanan 1974; Vere 1975; Hayes-Roth 1974). A very large number 
of algorithms have since been developed for concept learning based on symbolic 
representations. Chapter 10 describes several more recent algorithms for con- 
cept learning, including algorithms that learn concepts represented in first-order 
logic, algorithms that are robust to noisy training data, and algorithms whose 
performance degrades gracefully if the target concept is not representable in the 
hypothesis space considered by the learner. 

Version spaces and the CANDIDATE-ELIMINATION algorithm were introduced 
by Mitchell (1977, 1982). The application of this algorithm to inferring rules of 
mass spectroscopy is described in (Mitchell 1979), and its application to learning 
search control rules is presented in (Mitchell et al. 1983). Haussler (1988) shows 
that the size of the general boundary can grow exponentially in the number of 
training examples, even when the hypothesis space consists of simple conjunctions 
of features. Smith and Rosenbloom (1990) show a simple change to the repre- 
sentation of the G set that can improve complexity in certain cases, and Hirsh 
(1992) shows that learning can be polynomial in the number of examples in some 
cases when the G set is not stored at all. Subramanian and Feigenbaum (1986) 
discuss a method that can generate efficient queries in certain cases by factoring 
the version space. One of the greatest practical limitations of the CANDIDATE- 
ELIMINATION algorithm is that it requires noise-free training data. Mitchell (1979) 
describes an extension that can handle a bounded, predetermined number of mis- 
classified examples, and Hirsh (1990, 1994) describes an elegant extension for 
handling bounded noise in real-valued attributes that describe the training ex- 
amples. Hirsh (1990) describes an INCREMENTAL VERSION SPACE MERGING algo- 
rithm that generalizes the CANDIDATE-ELIMINATION algorithm to handle situations 
in which training information can be different types of constraints represented 
using version spaces. The information from each constraint is represented by a 
version space and the constraints are then combined by intersecting the version 
spaces. Sebag (1994, 1996) presents what she calls a disjunctive version space ap- 
proach to learning disjunctive concepts from noisy data. A separate version space 
is learned for each positive training example, then new instances are classified 
by combining the votes of these different version spaces. She reports experiments 
in several problem domains demonstrating that her approach is competitive with 
other widely used induction methods such as decision tree learning and k-NEAREST 
NEIGHBOR. 

EXERCISES 
2.1. Explain why the size of the hypothesis space in the EnjoySport learning task is 

973. How would the number of possible instances and possible hypotheses increase 
with the addition of the attribute Watercurrent, which can take on the values 
Light, Moderate, or Strong? More generally, how does the number of possible 
instances and hypotheses grow with the addition of a new attribute A that takes on 
k possible values? , 

I 



2.2. Give the sequence of S and G boundary sets computed by the CANDIDATE-ELIMINA- 
TION algorithm if it is given the sequence of training examples from Table 2.1 in 
reverse order. Although the final version space will be the same regardless of the 
sequence of examples (why?), the sets S and G computed at intermediate stages 
will, of course, depend on this sequence. Can you come up with ideas for ordering 
the training examples to minimize the sum of the sizes of these intermediate S and 
G sets for the H used in the EnjoySport example? 

2.3. Consider again the EnjoySport learning task and the hypothesis space H described 
in Section 2.2. Let us define a new hypothesis space H' that consists of all painvise 
disjunctions of the hypotheses in H .  For example, a typical hypothesis in H' is 

(?, Cold, H i g h ,  ?, ?, ?) v (Sunny, ?, H i g h ,  ?, ?, Same) 

Trace the CANDIDATE-ELIMINATION algorithm for the hypothesis space H' given the 
sequence of training examples from Table 2.1 (i.e., show the sequence of S and G 
boundary sets.) 

2.4. Consider the instance space consisting of integer points in the x ,  y plane and the 
set of hypotheses H consisting of rectangles. More precisely, hypotheses are of the 
form a 5 x 5 b, c 5 y 5 d ,  where a ,  b, c, and d can be any integers. 
(a) Consider the version space with respect to the set of positive (+) and negative 

(-) training examples shown below. What is the S boundary of the version space 
in this case? Write out the hypotheses and draw them in on the diagram. 

(b) What is the G boundary of this version space? Write out the hypotheses and 
draw them in. 

(c) Suppose the learner may now suggest a new x ,  y instance and ask the trainer for 
its classification. Suggest a query guaranteed to reduce the size of the version 
space, regardless of how the trainer classifies it. Suggest one that will not. 

( d )  Now assume you are a teacher, attempting to teach a particular target concept 
(e.g., 3 5 x 5 5 , 2  ( y 5 9). What is the smallest number of training examples 
you can provide so that the CANDIDATE-ELIMINATION algorithm will perfectly 
learn the target concept? 

2.5. Consider the following sequence of positive and negative training examples describ- 
ing the concept "pairs of people who live in the same house." Each training example 
describes an ordered pair of people, with each person described by their sex, hair 
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color (black, brown, or blonde), height (tall, medium, or short), and nationality (US, 
French, German, Irish, Indian, Japanese, or Portuguese). 

+ ((male brown tall US) (f emale black short US)) 

+ ((male brown short French)( female black short US)) 

- ((female brown tall German)( f emale black short Indian)) 

+ ((male brown tall Irish) (f emale brown short Irish)) 

Consider a hypothesis space defined over these instances, in which each hy- 
pothesis is represented by a pair of Ctuples, and where each attribute constraint may 
be a specific value, "?," or "0," just as in the EnjoySport hypothesis representation. 
For example, the hypothesis 

((male ? tall ?)(female ? ? Japanese)) 

represents the set of all pairs of people where the first is a tall male (of any nationality 
and hair color), and the second is a Japanese female (of any hair color and height). 
(a) Provide a hand trace of the CANDIDATE-ELIMINATION algorithm learning from 

the above training examples and hypothesis language. In particular, show the 
specific and general boundaries of the version space after it has processed the 
first training example, then the second training example, etc. 

(b) How many distinct hypotheses from the given hypothesis space are consistent 
with the following single positive training example? 

+ ((male black short Portuguese)(f emale blonde tall Indian)) 

(c) Assume the learner has encountered only the positive example from part (b), 
and that it is now allowed to query the trainer by generating any instance and 
asking the trainer to classify it. Give a specific sequence of queries that assures 
the learner will converge to the single correct hypothesis, whatever it may be 
(assuming that the target concept is describable within the given hypothesis 
language). Give the shortest sequence of queries you can find. How does the 
length of this sequence relate to your answer to question (b)? 

(d) Note that this hypothesis language cannot express all concepts that can be defined 
over the instances (i.e., we can define sets of positive and negative examples for 
which there is no corresponding describable hypothesis). If we were to enrich 
the language so that it could express all concepts that can be defined over the 
instance language, then how would your answer to (c) change? 

2.6. Complete the proof of the version space representation theorem (Theorem 2.1). 

Consider a concept learning problem in which each instance is a real number, and in 
which each hypothesis is an interval over the reals. More precisely, each hypothesis 
in the hypothesis space H is of the form a < x < b, where a and b are any real 
constants, and x refers to the instance. For example, the hypothesis 4.5 < x < 6.1 
classifies instances between 4.5 and 6.1 as positive, and others as negative. Explain 
informally why there cannot be a maximally specific consistent hypothesis for any 
set of positive training examples. Suggest a slight modification to the hypothesis 
representation so that there will be. 'C 
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2.8. In this chapter, we commented that given an unbiased hypothesis space (the power 
set of the instances), the learner would find that each unobserved instance would 
match exactly half the current members of the version space, regardless of which 
training examples had been observed. Prove this. In particular, prove that for any 
instance space X, any set of training examples D, and any instance x E X not present 
in D, that if H is the power set of X, then exactly half the hypotheses in V S H , D  will 
classify x as positive and half will classify it as negative. 

2.9. Consider a learning problem where each instance is described by a conjunction of 
n boolean attributes a1 . . .a,. Thus, a typical instance would be 

(al = T) A (az = F )  A . . . A (a,  = T) 

Now consider a hypothesis space H in which each hypothesis is a disjunction of 
constraints over these attributes. For example, a typical hypothesis would be 

Propose an algorithm that accepts a sequence of training examples and outputs 
a consistent hypothesis if one exists. Your algorithm should run in time that is 
polynomial in n and in the number of training examples. 

2.10. Implement the FIND-S algorithm. First verify that it successfully produces the trace in 
Section 2.4 for the Enjoysport example. Now use this program to study the number 
of random training examples required to exactly learn the target concept. Implement 
a training example generator that generates random instances, then classifies them 
according to the target concept: 

(Sunny, Warm,  ?, ?, ?, ?) 

Consider training your FIND-S program on randomly generated examples and mea- 
suring the number of examples required before the program's hypothesis is identical 
to the target concept. Can you predict the average number of examples required? 
Run the experiment at least 20 times and report the mean number of examples re- 
quired. How do you expect this number to vary with the number of "?" in the 
target concept? How would it vary with the number of attributes used to describe 
instances and hypotheses? 
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CHAPTER 

DECISION TREE 
LEARNING 

Decision tree learning is one of the most widely used and practical methods for 
inductive inference. It is a method for approximating discrete-valued functions that 
is robust to noisy data and capable of learning disjunctive expressions. This chapter 
describes a family of decision tree learning algorithms that includes widely used 
algorithms such as ID3, ASSISTANT, and C4.5. These decision tree learning meth- 
ods search a completely expressive hypothesis space and thus avoid the difficulties 
of restricted hypothesis spaces. Their inductive bias is a preference for small trees 
over large trees. 

3.1 INTRODUCTION 

Decision tree learning is a method for approximating discrete-valued target func- 
tions, in which the learned function is represented by a decision tree. Learned trees 
can also be re-represented as sets of if-then rules to improve human readability. 
These learning methods are among the most popular of inductive inference algo- 
rithms and have been successfully applied to a broad range of tasks from learning 
to diagnose medical cases to learning to assess credit risk of loan applicants. 

3.2 DECISION TREE REPRESENTATION 

Decision trees classify instances by sorting them down the tree from the root to 
some leaf node, which provides the classification of the instance. Each node in the 
tree specifies a test of some attribute of the instance, and each branch descending 
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FIGURE 3.1 
A decision tree for the concept PlayTennis. An example is classified by sorting it through the tree 
to the appropriate leaf node, then returning the classification associated with this leaf (in this case, 
Yes or No). This tree classifies Saturday mornings according to whether or not they are suitable for 
playing tennis. 

from that node corresponds to one of the possible values for this attribute. An 
instance is classified by starting at the root node of the tree, testing the attribute 
specified by this node, then moving down the tree branch corresponding to the 
value of the attribute in the given example. This process is then repeated for the 
subtree rooted at the new node. 

Figure 3.1 illustrates a typical learned decision tree. This decision tree clas- 
sifies Saturday mornings according to whether they are suitable for playing tennis. 
For example, the instance 

(Outlook = Sunny, Temperature = Hot, Humidity = High, Wind = Strong) 

would be sorted down the leftmost branch of this decision tree and would therefore 
be classified as a negative instance (i.e., the tree predicts that PlayTennis = no). 
This tree and the example used in Table 3.2 to illustrate the ID3 learning algorithm 
are adapted from (Quinlan 1986). 

In general, decision trees represent a disjunction of conjunctions of con- 
straints on the attribute values of instances. Each path from the tree root to a leaf 
corresponds to a conjunction of attribute tests, and the tree itself to a disjunc- 
tion of these conjunctions. For example, the decision tree shown in Figure 3.1 
corresponds to the expression 

(Outlook = Sunny A Humidity = Normal) 

V (Outlook = Overcast)  

v (Outlook = Rain A Wind = Weak)  



54 MACHINE LEARNWG 

3.3 APPROPRIATE PROBLEMS FOR DECISION TREE LEARNING 

Although a variety of decision tree learning methods have been developed with 
somewhat differing capabilities and requirements, decision tree learning is gener- 
ally best suited to problems with the following characteristics: 

Znstances are represented by attribute-value pairs. Instances are described by 
a fixed set of attributes (e.g., Temperature) and their values (e.g., Hot). The 
easiest situation for decision tree learning is when each attribute takes on a 
small number of disjoint possible values (e.g., Hot, Mild, Cold). However, 
extensions to the basic algorithm (discussed in Section 3.7.2) allow handling 
real-valued attributes as well (e.g., representing Temperature numerically). 
The targetfunction has discrete output values. The decision tree in Figure 3.1 
assigns a boolean classification (e.g., yes or no) to each example. Decision 
tree methods easily extend to learning functions with more than two possible 
output values. A more substantial extension allows learning target functions 
with real-valued outputs, though the application of decision trees in this 
setting is less common. 

0 Disjunctive descriptions may be required. As noted above, decision trees 
naturally represent disjunctive expressions. 

0 The training data may contain errors. Decision tree learning methods are 
robust to errors, both errors in classifications of the training examples and 
errors in the attribute values that describe these examples. 

0 The training data may contain missing attribute values. Decision tree meth- 
ods can be used even when some training examples have unknown values 
(e.g., if the Humidity of the day is known for only some of the training 
examples). This issue is discussed in Section 3.7.4. 

Many practical problems have been found to fit these characteristics. De- 
cision tree learning has therefore been applied to problems such as learning to 
classify medical patients by their disease, equipment malfunctions by their cause, 
and loan applicants by their likelihood of defaulting on payments. Such problems, 
in which the task is to classify examples into one of a discrete set of possible 
categories, are often referred to as classijication problems. 

The remainder of this chapter is organized as follows. Section 3.4 presents 
the basic ID3 algorithm for learning decision trees and illustrates its operation 
in detail. Section 3.5 examines the hypothesis space search performed by this 
learning algorithm, contrasting it with algorithms from Chapter 2. Section 3.6 
characterizes the inductive bias of this decision tree learning algorithm and ex- 
plores more generally an inductive bias called Occam's razor, which corresponds 
to a preference for the most simple hypothesis. Section 3.7 discusses the issue of 
overfitting the training data, as well as strategies such as rule post-pruning to deal 
with this problem. This section also discusses a number of more advanced topics 
such as extending the algorithm to accommodate real-valued attributes, training 
data with unobserved attributes, and attributes with differing costs. 
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3.4 THE BASIC DECISION TREE LEARNING ALGORITHM 

Most algorithms that have been developed for learning decision trees are vari- 
ations on a core algorithm that employs a top-down, greedy search through the 
space of possible decision trees. This approach is exemplified by the ID3 algorithm 
(Quinlan 1986) and its successor C4.5 (Quinlan 1993), which form the primary 
focus of our discussion here. In this section we present the basic algorithm for 
decision tree learning, corresponding approximately to the ID3 algorithm. In Sec- 
tion 3.7 we consider a number of extensions to this basic algorithm, including 
extensions incorporated into C4.5 and other more recent algorithms for decision 
tree learning. 

Our basic algorithm, ID3, learns decision trees by constructing them top- 
down, beginning with the question "which attribute should be tested at the root 
of the tree?'To answer this question, each instance attribute is evaluated using 
a statistical test to determine how well it alone classifies the training examples. 
The best attribute is selected and used as the test at the root node of the tree. 
A descendant of the root node is then created for each possible value of this 
attribute, and the training examples are sorted to the appropriate descendant node 
(i.e., down the branch corresponding to the example's value for this attribute). 
The entire process is then repeated using the training examples associated with 
each descendant node to select the best attribute to test at that point in the tree. 
This forms a greedy search for an acceptable decision tree, in which the algorithm 
never backtracks to reconsider earlier choices. A simplified version of the algo- 
rithm, specialized to learning boolean-valued functions (i.e., concept learning), is 
described in Table 3.1. 

3.4.1 Which Attribute Is the Best Classifier? 

The central choice in the ID3 algorithm is selecting which attribute to test at 
each node in the tree. We would like to select the attribute that is most useful 
for classifying examples. What is a good quantitative measure of the worth of 
an attribute? We will define a statistical property, called informution gain, that 
measures how well a given attribute separates the training examples according to 
their target classification. ID3 uses this information gain measure to select among 
the candidate attributes at each step while growing the tree. 

3.4.1.1 ENTROPY MEASURES HOMOGENEITY OF EXAMPLES 

In order to define information gain precisely, we begin by defining a measure com- 
monly used in information theory, called entropy, that characterizes the (im)purity 
of an arbitrary collection of examples. Given a collection S, containing positive 
and negative examples of some target concept, the entropy of S relative to this 
boolean classification is 



ID3(Examples, Targetattribute, Attributes) 
Examples are the training examples. Targetattribute is the attribute whose value is to be 
predicted by the tree. Attributes is a list of other attributes that may be tested by the learned 
decision tree. Returns a decision tree that correctly classiJies the given Examples. 

Create a Root node for the tree 
I f  all Examples are positive, Return the single-node tree Root, with label = + 
I f  all Examples are negative, Return the single-node tree Root, with label = - 
I f  Attributes is empty, Return the single-node tree Root, with label = most common value of 
Targetattribute in Examples 
Otherwise Begin 

A t the attribute from Attributes that best* classifies Examples 
0 The decision attribute for Root c A 

For each possible value, vi, of A, 
Add a new tree branch below Root, corresponding to the test A = vi 

0 Let Examples,, be the subset of Examples that have value vi for A 
If Examples,, is empty 

Then below this new branch add a leaf node with label = most common 
value of Target attribute in Examples 
Else below this new branch add the subtree 

ID3(Examples,,, Targetattribute, Attributes - (A) ) )  

End 
Return Root 

* The best attribute is the one with highest information gain, as defined in Equation (3.4). 

TABLE 3.1 
Summary of the ID3 algorithm specialized to learning boolean-valued functions. ID3 is a greedy 
algorithm that grows the tree top-down, at each node selecting the attribute that best classifies the 
local training examples. This process continues until the tree perfectly classifies the training examples, 
or until all attributes have been used. 

where p, is the proportion of positive examples in S and p, is the proportion of 
negative examples in S. In all calculations involving entropy we define 0 log 0 to 
be 0. 

To illustrate, suppose S is a collection of 14 examples of some boolean 
concept, including 9 positive and 5 negative examples (we adopt the notation 
[9+, 5-1 to summarize such a sample of data). Then the entropy of S relative to 
this boolean classification is 

Notice that the entropy is 0 if all members of S belong to the same class. For 
example, if all members are positive (pe = I), then p, is 0, and Entropy(S) = 
-1 . log2(1) - 0 . log2 0 = -1 . 0 - 0 . log2 0 = 0. Note the entropy is 1 when 
the collection contains an equal number of positive and negative examples. If 
the collection contains unequal numbers of positive and negative examples, the 
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FIGURE 3.2 
The entropy function relative to a boolean classification, 

0.0 0.5 LO as the proportion, pe, of positive examples varies 
pe between 0 and 1. 

entropy is between 0 and 1. Figure 3.2 shows the form of the entropy function 
relative to a boolean classification, as p, varies between 0 and 1. 

One interpretation of entropy from information theory is that it specifies the 
minimum number of bits of information needed to encode the classification of 
an arbitrary member of S (i.e., a member of S drawn at random with uniform 
probability). For example, if p,  is 1, the receiver knows the drawn example will 
be positive, so no message need be sent, and the entropy is zero. On the other hand, 
if pe is 0.5, one bit is required to indicate whether the drawn example is positive 
or negative. If pe is 0.8, then a collection of messages can be encoded using on 
average less than 1 bit per message by assigning shorter codes to collections of 
positive examples and longer codes to less likely negative examples. 

Thus far we have discussed entropy in the special case where the target 
classification is boolean. More generally, if the target attribute can take on c 
different values, then the entropy of S relative to this c-wise classification is 
defined as 

C 

Entropy(S) - -pi  log, pi 
i=l  

where pi is the proportion of S belonging to class i .  Note the logarithm is still 
base 2 because entropy is a measure of the expected encoding length measured 
in bits. Note also that if the target attribute can take on c possible values, the 
entropy can be as large as log, c.  

3.4.1.2 INFORMATION GAIN MEASURES THE EXPECTED REDUCTION 
IN ENTROPY 

Given entropy as a measure of the impurity in a collection of training examples, 
we can now define a measure of the effectiveness of an attribute in classifying 
the training data. The measure we will use, called information gain, is simply the 
expected reduction in entropy caused by partitioning the examples according to 
this attribute. More precisely, the information gain, Gain(S, A) of an attribute A, 



relative to a collection of examples S, is defined as 

ISVl Gain(S, A) I Entropy(S) - -Entropy (S,) 
IS1 

(3.4) 
veValues(A) 

where Values(A) is the set of all possible values for attribute A, and S, is the 
subset of S for which attribute A has value v (i.e., S, = { s  E SIA(s) = v)) .  Note 
the first term in Equation (3.4) is just the entropy of the original collection S, 
and the second term is the expected value of the entropy after S is partitioned 
using attribute A. The expected entropy described by this second term is simply 
the sum of the entropies of each subset S,, weighted by the fraction of examples 

that belong to S,. Gain(S, A) is therefore the expected reduction in entropy 
caused by knowing the value of attribute A. Put another way, Gain(S, A) is the 
information provided about the target &action value, given the value of some 
other attribute A. The value of Gain(S, A) is the number of bits saved when 
encoding the target value of an arbitrary member of S, by knowing the value of 
attribute A. 

For example, suppose S is a collection of training-example days described by 
attributes including Wind, which can have the values Weak or Strong. As before, 
assume S is a collection containing 14 examples, [9+, 5-1. Of these 14 examples, 
suppose 6 of the positive and 2 of the negative examples have Wind = Weak, and 
the remainder have Wind = Strong. The information gain due to sorting the 
original 14 examples by the attribute Wind may then be calculated as 

Values(Wind) = Weak, Strong 

IS, l Gain(S, Wind)  = Entropy(S) - -Entropy(S,) 
v ~ ( W e a k , S t r o n g ]  Is1 

Information gain is precisely the measure used by ID3 to select the best attribute at 
each step in growing the tree. The use of information gain to evaluate the relevance 
of attributes is summarized in Figure 3.3. In this figure the information gain of two 
different attributes, Humidity and Wind, is computed in order to determine which 
is the better attribute for classifying the training examples shown in Table 3.2. 
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Which attribute is the best classifier? 

S: [9+,5-I 
E =0.940 

Humidity 

High 

[3+,4-I [6t , l - l  
E S.985 E S .592  

Gain (S, Hurnidiry ) 

S: [9+,5-I 
E S .940  wx Strong 

[6+,2-I [3+,3-I 
ES.811  E =1.00 

Gain (S, Wind) 

= ,940 - (8/14).811 - (6114)l.O 
= ,048 

FIGURE 3.3 
Humidity provides greater information gain than Wind, relative to the target classification. Here, E 
stands for entropy and S for the original collection of examples. Given an initial collection S of 9 
positive and 5 negative examples, [9+, 5-1, sorting these by their Humidity produces collections of 
[3+, 4-1 (Humidity = High) and [6+, 1-1 (Humidity = Normal). The information gained by this 
partitioning is .151, compared to a gain of only .048 for the attribute Wind. 

3.4.2 An Illustrative Example 

To illustrate the operation of ID3, consider the learning task represented by the 
training examples of Table 3.2. Here the target attribute PlayTennis, which can 
have values yes or no for different Saturday mornings, is to be predicted based 
on other attributes of the morning in question. Consider the first step through 

Day Outlook Temperature Humidity Wind PlayTennis 

D l  Sunny Hot High Weak No 
D2 Sunny Hot High Strong No 
D3 Overcast Hot High Weak Yes 
D4 Rain Mild High Weak Yes 
D5 Rain Cool Normal Weak Yes 
D6 Rain Cool Normal Strong No 
D7 Overcast Cool Normal Strong Yes 
D8 Sunny Mild High Weak No 
D9 Sunny Cool Normal Weak Yes 
Dl0 Rain Mild Normal Weak Yes 
Dl1 Sunny Mild Normal Strong Yes 
Dl2 Overcast Mild High Strong Yes 
Dl3 Overcast Hot Normal Weak Yes 
Dl4 Rain Mild High Strong No 

TABLE 3.2 
Training examples for the target concept PlayTennis. 



the algorithm, in which the topmost node of the decision tree is created. Which 
attribute should be tested first in the tree? ID3 determines the information gain for 
each candidate attribute (i.e., Outlook, Temperature, Humidity, and Wind), then 
selects the one with highest information gain. The computation of information 
gain for two of these attributes is shown in Figure 3.3. The information gain 
values for all four attributes are 

Gain(S, Outlook) = 0.246 

Gain(S, Humidity) = 0.151 

Gain(S, Wind)  = 0.048 

Gain(S, Temperature) = 0.029 

where S denotes the collection of training examples from Table 3.2. 
According to the information gain measure, the Outlook attribute provides 

the best prediction of the target attribute, PlayTennis, over the training exam- 
ples. Therefore, Outlook is selected as the decision attribute for the root node, 
and branches are created below the root for each of its possible values (i.e., 
Sunny, Overcast, and Rain). The resulting partial decision tree is shown in Fig- 
ure 3.4, along with the training examples sorted to each new descendant node. 
Note that every example for which Outlook = Overcast is also a positive ex- 
ample of PlayTennis. Therefore, this node of the tree becomes a leaf node with 
the classification PlayTennis = Yes. In contrast, the descendants corresponding to 
Outlook = Sunny and Outlook = Rain still have nonzero entropy, and the decision 
tree will be further elaborated below these nodes. 

The process of selecting a new attribute and partitioning the training exam- 
ples is now repeated for each nontenninal descendant node, this time using only 
the training examples associated with that node. Attributes that have been incor- 
porated higher in the tree are excluded, so that any given attribute can appear at 
most once along any path through the tree. This process continues for each new 
leaf node until either of two conditions is met: (1) every attribute has already been 
included along this path through the tree, or (2) the training examples associated 
with this leaf node all have the same target attribute value (i.e., their entropy 
is zero). Figure 3.4 illustrates the computations of information gain for the next 
step in growing the decision tree. The final decision tree learned by ID3 from the 
14 training examples of Table 3.2 is shown in Figure 3.1. 

3.5 HYPOTHESIS SPACE SEARCH IN DECISION TREE 
LEARNING 

As with other inductive learning methods, ID3 can be characterized as searching a 
space of hypotheses for one that fits the training examples. The hypothesis space 
searched by ID3 is the set of possible decision trees. ID3 performs a simple-to- 
complex, hill-climbing search through this hypothesis space, beginning with the 
empty tree, then considering progressively more elaborate hypotheses in search of 
a decision tree that correctly classifies the training data. The evaluation function 



{Dl, D2, ..., Dl41 

P+S-I 

Which attribute should be tested here? 

Gain (Ssunnyj Temperaare) = ,970 - (215) 0.0 - (Y5) 1.0 - (115) 0.0 = ,570 

Gain (Sss,,,, Wind) = 970 - (215) 1.0 - (315) ,918 = ,019 

FIGURE 3.4 
The partially learned decision tree resulting from the first step of ID3. The training examples are 
sorted to the corresponding descendant nodes. The Overcast descendant has only positive examples 
and therefore becomes a leaf node with classification Yes. The other two nodes will be further 
expanded, by selecting the attribute with highest information gain relative to the new subsets of 
examples. 

that guides this hill-climbing search is the information gain measure. This search 
is depicted in Figure 3.5. 

By viewing  ID^ in terms of its search space and search strategy, we can get 
some insight into its capabilities and limitations. 

1 ~ 3 ' s  hypothesis space of all decision trees is a complete space of finite 
discrete-valued functions, relative to the available attributes. Because every 
finite discrete-valued function can be represented by some decision tree, ID3 
avoids one of the major risks of methods that search incomplete hypothesis 
spaces (such as methods that consider only conjunctive hypotheses): that the 
hypothesis space might not contain the target function. 
ID3 maintains only a single current hypothesis as it searches through the 
space of decision trees. This contrasts, for example, with the earlier ver- 
sion space candidate-~l i rn inat -od,  which maintains the set of all 
hypotheses consistent with the available training examples. By determin- 
ing only a single hypothesis,  ID^ loses the capabilities that follow from 



F: + - + FIGURE 3.5 
Hypothesis space search by ID3. 
ID3 searches throuah the mace of - 
possible decision trees from simplest 
to increasingly complex, guided by the 

... ... information gain heuristic. 

explicitly representing all consistent hypotheses. For example, it does not 
have the ability to determine how many alternative decision trees are con- 
sistent with the available training data, or to pose new instance queries that 
optimally resolve among these competing hypotheses. 

0 ID3 in its pure form performs no backtracking in its search. Once it,se- 
lects an attribute to test at a particular level in the tree, it never backtracks 
to reconsider this choice. Therefore, it is susceptible to the usual risks of 
hill-climbing search without backtracking: converging to locally optimal so- 
lutions that are not globally optimal. In the case of ID3, a locally optimal 
solution corresponds to the decision tree it selects along the single search 
path it explores. However, this locally optimal solution may be less desir- 
able than trees that would have been encountered along a different branch of 
the search. Below we discuss an extension that adds a form of backtracking 
(post-pruning the decision tree). 

0 ID3 uses all training examples at each step in the search to make statistically 
based decisions regarding how to refine its current hypothesis. This contrasts 
with methods that make decisions incrementally, based on individual train- 
ing examples (e.g., FIND-S or CANDIDATE-ELIMINATION). One advantage of 
using statistical properties of all the examples (e.g., information gain) is that 
the resulting search is much less sensitive to errors in individual training 
examples. ID3 can be easily extended to handle noisy training data by mod- 
ifying its termination criterion to accept hypotheses that imperfectly fit the 
training data. 



3.6 INDUCTIVE BIAS IN DECISION TREE LEARNING 

What is the policy by which ID3 generalizes from observed training examples 
to classify unseen instances? In other words, what is its inductive bias? Recall 
from Chapter 2 that inductive bias is the set of assumptions that, together with 
the training data, deductively justify the classifications assigned by the learner to 
future instances. 

Given a collection of training examples, there are typically many decision 
trees consistent with these examples. Describing the inductive bias of ID3 there- 
fore consists of describing the basis by which it chooses one of these consis- 
tent hypotheses over the others. Which of these decision trees does ID3 choose? 
It chooses the first acceptable tree it encounters in its simple-to-complex, hill- 
climbing search through the space of possible trees. Roughly speaking, then, the 
ID3 search strategy (a) selects in favor of shorter trees over longer ones, and 
(b) selects trees that place the attributes with highest information gain closest to 
the root. Because of the subtle interaction between the attribute selection heuris- 
tic used by ID3 and the particular training examples it encounters, it is difficult 
to characterize precisely the inductive bias exhibited by ID3. However, we can 
approximately characterize its bias as a preference for short decision trees over 
complex trees. 

Approximate inductive bias of ID3: Shorter trees are preferred over larger trees. 

In fact, one could imagine an algorithm similar to ID3 that exhibits precisely 
this inductive bias. Consider an algorithm that begins with the empty tree and 
searches breadth Jirst through progressively more complex trees, first considering 
all trees of depth 1, then all trees of depth 2, etc. Once it finds a decision tree 
consistent with the training data, it returns the smallest consistent tree at that 
search depth (e.g., the tree with the fewest nodes). Let us call this breadth-first 
search algorithm BFS-ID3. BFS-ID3 finds a shortest decision tree and thus exhibits 
precisely the bias "shorter trees are preferred over longer trees." ID3 can be 
viewed as an efficient approximation to BFS-ID3, using a greedy heuristic search 
to attempt to find the shortest tree without conducting the entire breadth-first 
search through the hypothesis space. 

Because ID3 uses the information gain heuristic and a hill climbing strategy, 
it exhibits a more complex bias than BFS-ID3. In particular, it does not always 
find the shortest consistent tree, and it is biased to favor trees that place attributes 
with high information gain closest to the root. 

A closer approximation to the inductive bias of ID3: Shorter trees are preferred 
over longer trees. Trees that place high information gain attributes close to the root 
are preferred over those that do not. 

3.6.1 Restriction Biases and Preference Biases 

There is an interesting difference between the types of inductive bias exhibited 
by ID3 and by the CANDIDATE-ELIMINATION algorithm discussed in Chapter 2. 



Consider the difference between the hypothesis space search in these two ap- 
proaches: 

ID3 searches a complete hypothesis space (i.e., one capable of expressing 
any finite discrete-valued function). It searches incompletely through this 
space, from simple to complex hypotheses, until its termination condition is 
met (e.g., until it finds a hypothesis consistent with the data). Its inductive 
bias is solely a consequence of the ordering of hypotheses by its search 
strategy. Its hypothesis space introduces no additional bias. 

0 The version space CANDIDATE-ELIMINATION algorithm searches an incom- 
plete hypothesis space (i.e., one that can express only a subset of the poten- 
tially teachable concepts). It searches this space completely, finding every 
hypothesis consistent with the training data. Its inductive bias is solely a 
consequence of the expressive power of its hypothesis representation. Its 
search strategy introduces no additional bias. 

In brief, the inductive bias of ID3 follows from its search strategy, whereas 
the inductive bias of the CANDIDATE-ELIMINATION algorithm follows from the def- 
inition of its search space. 

The inductive bias of ID3 is thus a preference for certain hypotheses over 
others (e.g., for shorter hypotheses), with no hard restriction on the hypotheses that 
can be eventually enumerated. This form of bias is typically called a preference 
bias (or, alternatively, a search bias). In contrast, the bias of the CANDIDATE- 
ELIMINATION algorithm is in the form of a categorical restriction on the set of 
hypotheses considered. This form of bias is typically called a restriction bias (or, 
alternatively, a language bias). 

Given that some form of inductive bias is required in order to generalize 
beyond the training data (see Chapter 2), which type of inductive bias shall we 
prefer; a preference bias or restriction bias? 

Typically, a preference bias is more desirable than a restriction bias, be- 
cause it allows the learner to work within a complete hypothesis space that is 
assured to contain the unknown target function. In contrast, a restriction bias that 
strictly limits the set of potential hypotheses is generally less desirable, because 
it introduces the possibility of excluding the unknown target function altogether. 

Whereas ID3 exhibits a purely preference bias and CANDIDATE-ELIMINATION 
a purely restriction bias, some learning systems combine both. Consider, for ex- 
ample, the program described in Chapter 1 for learning a numerical evaluation 
function for game playing. In this case, the learned evaluation function is repre- 
sented by a linear combination of a fixed set of board features, and the learning 
algorithm adjusts the parameters of this linear combination to best fit the available 
training data. In this case, the decision to use a linear function to represent the eval- 
uation function introduces a restriction bias (nonlinear evaluation functions cannot 
be represented in this form). At the same time, the choice of a particular parameter 
tuning method (the LMS algorithm in this case) introduces a preference bias stem- 
ming from the ordered search through the space of all possible parameter values. 



3.6.2 Why Prefer Short Hypotheses? 

Is ID3's inductive bias favoring shorter decision trees a sound basis for generaliz- 
ing beyond the training data? Philosophers and others have debated this question 
for centuries, and the debate remains unresolved to this day. William of Occam 
was one of the first to discusst the question, around the year 1320, so this bias 
often goes by the name of Occam's razor. 

Occam's razor: Prefer the simplest hypothesis that fits the data. 

Of course giving an inductive bias a name does not justify it. Why should one 
prefer simpler hypotheses? Notice that scientists sometimes appear to follow this 
inductive bias. Physicists, for example, prefer simple explanations for the motions 
of the planets, over more complex explanations. Why? One argument is that 
because there are fewer short hypotheses than long ones (based on straightforward 
combinatorial arguments), it is less likely that one will find a short hypothesis that 
coincidentally fits the training data. In contrast there are often many very complex 
hypotheses that fit the current training data but fail to generalize correctly to 
subsequent data. Consider decision tree hypotheses, for example. There are many 
more 500-node decision trees than 5-node decision trees. Given a small set of 
20 training examples, we might expect to be able to find many 500-node deci- 
sion trees consistent with these, whereas we would be more surprised if a 5-node 
decision tree could perfectly fit this data. We might therefore believe the 5-node 
tree is less likely to be a statistical coincidence and prefer this hypothesis over 
the 500-node hypothesis. 

Upon closer examination, it turns out there is a major difficulty with the 
above argument. By the same reasoning we could have argued that one should 
prefer decision trees containing exactly 17 leaf nodes with 11 nonleaf nodes, that 
use the decision attribute A1 at the root, and test attributes A2 through Al l ,  in 
numerical order. There are relatively few such trees, and we might argue (by the 
same reasoning as above) that our a priori chance of finding one consistent with 
an arbitrary set of data is therefore small. The difficulty here is that there are very 
many small sets of hypotheses that one can define-most of them rather arcane. 
Why should we believe that the small set of hypotheses consisting of decision 
trees with short descriptions should be any more relevant than the multitude of 
other small sets of hypotheses that we might define? 

A second problem with the above argument for Occam's razor is that the size 
of a hypothesis is determined by the particular representation used internally by 
the learner. Two learners using different internal representations could therefore 
anive at different hypotheses, both justifying their contradictory conclusions by 
Occam's razor! For example, the function represented by the learned decision 
tree in Figure 3.1 could be represented as a tree with just one decision node, by a 
learner that uses the boolean attribute XYZ, where we define the attribute XYZ to 

~ ~ p r e n t l ~  while shaving. 



be true for instances that are classified positive by the decision tree in Figure 3.1 
and false otherwise. Thus, two learners, both applying Occam's razor, would 
generalize in different ways if one used the XYZ attribute to describe its examples 
and the other used only the attributes Outlook, Temperature, Humidity, and Wind. 

This last argument shows that Occam's razor will produce two different 
hypotheses from the same training examples when it is applied by two learners 
that perceive these examples in terms of different internal representations. On this 
basis we might be tempted to reject Occam's razor altogether. However, consider 
the following scenario that examines the question of which internal representa- 
tions might arise from a process of evolution and natural selection. Imagine a 
population of artificial learning agents created by a simulated evolutionary pro- 
cess involving reproduction, mutation, and natural selection of these agents. Let 
us assume that this evolutionary process can alter the perceptual systems of these 
agents from generation to generation, thereby changing the internal attributes by 
which they perceive their world. For the sake of argument, let us also assume that 
the learning agents employ a fixed learning algorithm (say ID3) that cannot be 
altered by evolution. It is reasonable to assume that over time evolution will pro- 
duce internal representation that make these agents increasingly successful within 
their environment. Assuming that the success of an agent depends highly on its 
ability to generalize accurately, we would therefore expect evolution to develop 
internal representations that work well with whatever learning algorithm and in- 
ductive bias is present. If the species of agents employs a learning algorithm whose 
inductive bias is Occam's razor, then we expect evolution to produce internal rep- 
resentations for which Occam's razor is a successful strategy. The essence of the 
argument here is that evolution will create internal representations that make the 
learning algorithm's inductive bias a self-fulfilling prophecy, simply because it 
can alter the representation easier than it can alter the learning algorithm. 

For now, we leave the debate regarding Occam's razor. We will revisit it in 
Chapter 6, where we discuss the Minimum Description Length principle, a version 
of Occam's razor that can be interpreted within a Bayesian framework. 

3.7 ISSUES IN DECISION TREE LEARNING 

Practical issues in learning decision trees include determining how deeply to grow 
the decision tree, handling continuous attributes, choosing an appropriate attribute 
selection measure, andling training data with missing attribute values, handling 
attributes with differing costs, and improving computational efficiency. Below 
we discuss each of these issues and extensions to the basic ID3 algorithm that 
address them. ID3 has itself been extended to address most of these issues, with 
the resulting system renamed C4.5 (Quinlan 1993). 

3.7.1 Avoiding Overfitting the Data 

The algorithm described in Table 3.1 grows each branch of the tree just deeply 
enough to perfectly classify the training examples. While this is sometimes a 



reasonable strategy, in fact it can lead to difficulties when there is noise in the data, 
or when the number of training examples is too small to produce a representative 
sample of the true target function. In either of these cases, this simple algorithm 
can produce trees that overjt the training examples. 

We will say that a hypothesis overfits the training examples if some other 
hypothesis that fits the training examples less well actually performs better over the 
entire distribution of instances (i.e., including instances beyond the training set). 

Definition: Given a hypothesis space H, a hypothesis h E H is said to overlit the 
training data if there exists some alternative hypothesis h' E H, such that h has 
smaller error than h' over the training examples, but h' has a smaller error than h 
over the entire distribution of instances. 

Figure 3.6 illustrates the impact of overfitting in a typical application of deci- 
sion tree learning. In this case, the ID3 algorithm is applied to the task of learning 
which medical patients have a form of diabetes. The horizontal axis of this plot 
indicates the total number of nodes in the decision tree, as the tree is being con- 
structed. The vertical axis indicates the accuracy of predictions made by the tree. 
The solid line shows the accuracy of the decision tree over the training examples, 
whereas the broken line shows accuracy measured over an independent set of test 
examples (not included in the training set). Predictably, the accuracy of the tree 
over the training examples increases monotonically as the tree is grown. How- 
ever, the accuracy measured over the independent test examples first increases, 
then decreases. As can be seen, once the tree size exceeds approximately 25 nodes, 
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FIGURE 3.6 
Overfitting in decision tree learning. As ID3 adds new nodes to grow the decision tree, the accuracy of 
the tree measured over the training examples increases monotonically. However, when measured over 
a set of test examples independent of the training examples, accuracy first increases, then decreases. 
Software and data for experimenting with variations on this plot are available on the World Wide 
Web at http://www.cs.cmu.edu/-torn/mlbook.html. 
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further elaboration of the tree decreases its accuracy over the test examples despite 
increasing its accuracy on the training examples. 

How can it be possible for tree h to fit the training examples better than h', 
but for it to perform more poorly over subsequent examples? One way this can 
occur is when the training examples contain random errors or noise. To illustrate, 
consider the effect of adding the following positive training example, incorrectly 
labeled as negative, to the (otherwise correct) examples in Table 3.2. 

(Outlook = Sunny, Temperature = Hot ,  Humidity = Normal, 

Wind  = Strong, PlayTennis = No)  

Given the original error-free data, ID3 produces the decision tree shown in Fig- 
ure 3.1. However, the addition of this incorrect example will now cause ID3 to 
construct a more complex tree. In particular, the new example will be sorted into 
the second leaf node from the left in the learned tree of Figure 3.1, along with the 
previous positive examples D9 and Dl  1. Because the new example is labeled as 
a negative example, ID3 will search for further refinements to the tree below this 
node. Of course as long as the new erroneous example differs in some arbitrary 
way from the other examples affiliated with this node, ID3 will succeed in finding 
a new decision attribute to separate out this new example from the two previous 
positive examples at this tree node. The result is that ID3 will output a decision 
tree (h) that is more complex than the original tree from Figure 3.1 (h'). Of course 
h will fit the collection of training examples perfectly, whereas the simpler h' will 
not. However, given that the new decision node is simply a consequence of fitting 
the noisy training example, we expect h to outperform h' over subsequent data 
drawn from the same instance distribution. 

The above example illustrates how random noise in the training examples 
can lead to overfitting. In fact, overfitting is possible even when the training data 
are noise-free, especially when small numbers of examples are associated with leaf 
nodes. In this case, it is quite possible for coincidental regularities to occur, in 
which some attribute happens to partition the examples very well, despite being 
unrelated to the actual target function. Whenever such coincidental regularities 
exist, there is a risk of overfitting. 

Overfitting is a significant practical difficulty for decision tree learning and 
many other learning methods. For example, in one experimental study of ID3 
involving five different learning tasks with noisy, nondeterministic data (Mingers 
1989b), overfitting was found to decrease the accuracy of learned decision trees 
by 10-25% on most problems. 

There are several approaches to avoiding overfitting in decision tree learning. 
These can be grouped into two classes: 

approaches that stop growing the tree earlier, before it reaches the point 
where it perfectly classifies the training data, 

0 approaches that allow the tree to overfit the data, and then post-prune the 
tree. 



Although the first of these approaches might seem.more direct, the second 
approach of post-pruning overfit trees has been found to be more successful in 
practice. This is due to the difficulty in the first approach of estimating precisely 
when to stop growing the tree. 

Regardless of whether the correct tree size is found by stopping early or 
by post-pruning, a key question is what criterion is to be used to determine the 
correct final tree size. Approaches include: 

0 Use a separate set of examples, distinct from the training examples, to eval- 
uate the utility of post-pruning nodes from the tree. 

0 Use all the available data for training, but apply a statistical test to estimate 
whether expanding (or pruning) a particular node is likely to produce an 
improvement beyond the training set. For example, Quinlan (1986) uses a 
chi-square test to estimate whether further expanding a node is likely to 
improve performance over the entire instance distribution, or only on the 
current sample of training data. 

0 Use an explicit measure of the complexity for encoding the training exam- 
ples and the decision tree, halting growth of the tree when this encoding 
size is minimized. This approach, based on a heuristic called the Minimum 
Description Length principle, is discussed further in Chapter 6, as well as 
in Quinlan and Rivest (1989) and Mehta et al. (199.5). 

The first of the above approaches is the most common and is often referred 
to as a training and validation set approach. We discuss the two main variants of 
this approach below. In this approach, the available data are separated into two 
sets of examples: a training set, which is used to form the learned hypothesis, and 
a separate validation set, which is used to evaluate the accuracy of this hypothesis 
over subsequent data and, in particular, to evaluate the impact of pruning this 
hypothesis. The motivation is this: Even though the learner may be misled by 
random errors and coincidental regularities within the training set, the validation 
set is unlikely to exhibit the same random fluctuations. Therefore, the validation 
set can be expected to provide a safety check against overfitting the spurious 
characteristics of the training set. Of course, it is important that the validation set 
be large enough to itself provide a statistically significant sample of the instances. 
One common heuristic is to withhold one-third of the available examples for the 
validation set, using the other two-thirds for training. 

3.7.1.1 REDUCED ERROR PRUNING 

How exactly might we use a validation set to prevent overfitting? One approach, 
called reduced-error pruning (Quinlan 1987), is to consider each of the decision 
nodes in the.tree to be candidates for pruning. Pruning a decision node consists of 
removing the subtree rooted at that node, making it a leaf node, and assigning it 
the most common classification of the training examples affiliated with that node. 
Nodes are removed only if the resulting pruned tree performs no worse than-the 



original over the validation set. This has the effect that any leaf node added due 
to coincidental regularities in the training set is likely to be pruned because these 
same coincidences are unlikely to occur in the validation set. Nodes are pruned 
iteratively, always choosing the node whose removal most increases the decision 
tree accuracy over the validation set. Pruning of nodes continues until further 
pruning is harmful (i.e., decreases accuracy of the tree over the validation set). 

The impact of reduced-error pruning on the accuracy of the decision tree 
is illustrated in Figure 3.7. As in Figure 3.6, the accuracy of the tree is shown 
measured over both training examples and test examples. The additional line in 
Figure 3.7 shows accuracy over the test examples as the tree is pruned. When 
pruning begins, the tree is at its maximum size and lowest accuracy over the test 
set. As pruning proceeds, the number of nodes is reduced and accuracy over the 
test set increases. Here, the available data has been split into three subsets: the 
training examples, the validation examples used for pruning the tree, and a set of 
test examples used to provide an unbiased estimate of accuracy over future unseen 
examples. The plot shows accuracy over the training and test sets. Accuracy over 
the validation set used for pruning is not shown. 

Using a separate set of data to guide pruning is an effective approach pro- 
vided a large amount of data is available. The major drawback of this approach 
is that when data is limited, withholding part of it for the validation set reduces 
even further the number of examples available for training. The following section 
presents an alternative approach to pruning that has been found useful in many 
practical situations where data is limited. Many additional techniques have been 
proposed as well, involving partitioning the available data several different times in 
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FIGURE 3.7 
Effect of reduced-error pruning in decision tree learning. This plot shows the same curves of training 
and test set accuracy as in Figure 3.6. In addition, it shows the impact of reduced error pruning of 
the tree produced by ID3. Notice the increase in accuracy over the test set as nodes are pruned from 
the tree. Here, the validation set used for pruning is distinct from both the training and test sets. 



multiple ways, then averaging the results. Empirical evaluations of alternative tree 
pruning methods are reported by Mingers (1989b) and by Malerba et al. (1995). 

3.7.1.2 RULE POST-PRUNING 

In practice, one quite successful method for finding high accuracy hypotheses is 
a technique we shall call rule post-pruning. A variant of this pruning method is 
used by C4.5 (Quinlan 1993), which is an outgrowth of the original ID3 algorithm. 
Rule post-pruning involves the following steps: 

1. Infer the decision tree from the training set, growing the tree until the training 
data is fit as well as possible and allowing overfitting to occur. 

2. Convert the learned tree into an equivalent set of rules by creating one rule 
for each path from the root node to a leaf node. 

3. Prune (generalize) each rule by removing any preconditions that result in 
improving its estimated accuracy. 

4. Sort the pruned rules by their estimated accuracy, and consider them in this 
sequence when classifying subsequent instances. 

To illustrate, consider again the decision tree in Figure 3.1. In rule post- 
pruning, one rule is generated for each leaf node in the tree. Each attribute test 
along the path from the root to the leaf becomes a rule antecedent (precondition) 
and the classification at the leaf node becomes the rule consequent (postcondition). 
For example, the leftmost path of the tree in Figure 3.1 is translated into the rule 

IF (Outlook = Sunny) A (Humidity = High) 

THEN PlayTennis = No 

Next, each such rule is pruned by removing any antecedent, or precondi- 
tion, whose removal does not worsen its estimated accuracy. Given the above 
rule, for example, rule post-pruning would consider removing the preconditions 
(Outlook = Sunny) and (Humidity = High). It would select whichever of these 
pruning steps produced the greatest improvement in estimated rule accuracy, then 
consider pruning the second precondition as a further pruning step. No pruning 
step is performed if it reduces the estimated rule accuracy. 

As noted above, one method to estimate rule accuracy is to use a validation 
set of examples disjoint from the training set. Another method, used by C4.5, 
is to evaluate performance based on the training set itself, using a pessimistic 
estimate to make up for the fact that the training data gives an estimate biased 
in favor of the rules. More precisely, C4.5 calculates its pessimistic estimate by 
calculating the rule accuracy over the training examples to which it applies, then 
calculating the standard deviation in this estimated accuracy assuming a binomial 
distribution. For a given confidence level, the lower-bound estimate is then taken 
as the measure of rule performance (e.g., for a 95% confidence interval, rule 
accuracy is pessimistically estimated by the observed accuracy over the training 



set, minus 1.96 times the estimated standard deviation). The net effect is that for 
large data sets, the pessimistic estimate is very close to the observed accuracy 
(e.g., the standard deviation is very small), whereas it grows further from the 
observed accuracy as the size of the data set decreases. Although this heuristic 
method is not statistically valid, it has nevertheless been found useful in practice. 
See Chapter 5 for a discussion of statistically valid approaches to estimating means 
and confidence intervals. 

Why convert the decision tree to rules before pruning? There are three main 
advantages. 

Converting to rules allows distinguishing among the different contexts in 
which a decision node is used. Because each distinct path through the deci- 
sion tree node produces a distinct rule, the pruning decision regarding that 
attribute test can be made differently for each path. In contrast, if the tree 
itself were pruned, the only two choices would be to remove the decision 
node completely, or to retain it in its original form. 
Converting to rules removes the distinction between attribute tests that occur 
near the root of the tree and those that occur near the leaves. Thus, we avoid 
messy bookkeeping issues such as how to reorganize the tree if the root node 
is pruned while retaining part of the subtree below this test. 
Converting to rules improves readability. Rules are often easier for 
to understand. 

3.7.2 Incorporating Continuous-Valued Attributes 

Our initial definition of ID3 is restricted to attributes that take on a discrete set 
of values. First, the target attribute whose value is predicted by the learned tree 
must be discrete valued. Second, the attributes tested in the decision nodes of 
the tree must also be discrete valued. This second restriction can easily be re- 
moved so that continuous-valued decision attributes can be incorporated into the 
learned tree. This can be accomplished by dynamically defining new discrete- 
valued attributes that partition the continuous attribute value into a discrete set 
of intervals. In particular, for an attribute A that is continuous-valued, the algo- 
rithm can dynamically create a new boolean attribute A, that is true if A < c 
and false otherwise. The only question is how to select the best value for the 
threshold c. 

As an example, suppose we wish to include the continuous-valued attribute 
Temperature in describing the training example days in the learning task of Ta- 
ble 3.2. Suppose further that the training examples associated with a particular 
node in the decision tree have the following values for Temperature and the target 
attribute PlayTennis. 

Temperature: 40 48 60 72 80 90 
PlayTennis: No No Yes Yes Yes NO 
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What threshold-based boolean attribute should be defined based on Temper- 
ature? Clearly, we would like to pick a threshold, c, that produces the greatest 
information gain. By sorting the examples according to the continuous attribute 
A ,  then identifying adjacent examples that differ in their target classification, we 
can generate a set of candidate thresholds midway between the corresponding 
values of A. It can be shown that the value of c that maximizes information gain 
must always lie at such a boundary (Fayyad 1991). These candidate thresholds 
can then be evaluated by computing the information gain associated with each. 
In the current example, there are two candidate thresholds, corresponding to the 
values of Temperature at which the value of PlayTennis changes: (48 + 60)/2, 
and (80 + 90)/2. The information gain can then be computed for each of the 
candidate attributes, T e m p e r a t ~ r e , ~ ~  and Tempera t~re ,~~ ,  and the best can be 
selected (Temperat~re ,~~) .  This dynamically created boolean attribute can then 
compete with the other discrete-valued candidate attributes available for growing 
the decision tree. Fayyad and Irani (1993) discuss an extension to this approach 
that splits the continuous attribute into multiple intervals rather than just two in- 
tervals based on a single threshold. Utgoff and Brodley (1991) and Murthy et al. 
( 1994) discuss approaches that define features by thresholding linear combinations 
of several continuous-valued attributes. 

3.7.3 Alternative Measures for Selecting Attributes 

There is a natural bias in the information gain measure that favors attributes with 
many values over those with few values. As an extreme example, consider the 
attribute Date, which has a very large number of possible values (e.g., March 4, 
1979). If we were to add this attribute to the data in Table 3.2, it would have 
the highest information gain of any of the attributes. This is because Date alone 
perfectly predicts the target attribute over the training data. Thus, it would be 
selected as the decision attribute for the root node of the tree and lead to a (quite 
broad) tree of depth one, which perfectly classifies the training data. Of course, 
this decision tree would fare poorly on subsequent examples, because it is not a 
useful predictor despite the fact that it perfectly separates the training data. 

What is wrong with the attribute Date? Simply put, it has so many possible 
values that it is bound to separate the training examples into very small subsets. 
Because of this, it will have a very high information gain relative to the training 
examples, despite being a very poor predictor of the target function over unseen 
instances. 

One way to avoid this difficulty is to select decision attributes based on some 
measure other than information gain. One alternative measure that has been used 
successfully is the gain ratio (Quinlan 1986). The gain ratio measure penalizes 
attributes such as Date by incorporating a term, called split informution, that is 
sensitive to how broadly and uniformly the attribute splits the data: 
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where S1 through S, are the c subsets of examples resulting from partitioning S 
by the c-valued attribute A. Note that Splitlnfomzation is actually the entropy of 
S with respect to the values of attribute A. This is in contrast to our previous 
uses of entropy, in which we considered only the entropy of S with respect to the 
target attribute whose value is to be predicted by the learned tree. 

The Gain Ratio measure is defined in terms of the earlier Gain measure, as 
well as this Splitlnfomzation, as follows 

Gain (S, A) 
GainRatio(S, A) r 

Split Inf ormation(S, A) 

Notice that the Splitlnfomzation term discourages the selection of attributes with 
many uniformly distributed values. For example, consider a collection of n ex- 
amples that are completely separated by attribute A (e.g., Date). In this case, the 
Splitlnfomzation value will be log, n. In contrast, a boolean attribute B that splits 
the same n examples exactly in half will have Splitlnfomzation of 1. If attributes 
A and B produce the same information gain, then clearly B will score higher 
according to the Gain Ratio measure. 

One practical issue that arises in using GainRatio in place of Gain to 
select attributes is that the denominator can be zero or very small when ISi 1 x IS1 
for one of the Si. This either makes the GainRatio undefined or very large for 
attributes that happen to have the same value for nearly all members of S. To 
avoid selecting attributes purely on this basis, we can adopt some heuristic such 
as first calculating the Gain of each attribute, then applying the GainRatio test 
only considering those attributes with above average Gain (Quinlan 1986). 

An alternative to the GainRatio, designed to directly address the above 
difficulty, is a distance-based measure introduced by Lopez de Mantaras (1991). 
This measure is based on defining a distance metric between partitions of'the 
data. Each attribute is evaluated based on the distance between the data partition 
it creates and the perfect partition (i.e., the partition that perfectly classifies the 
training data). The attribute whose partition is closest to the perfect partition is 
chosen. Lopez de Mantaras (1991) defines this distance measure, proves that it 
is not biased toward attributes with large numbers of values, and reports experi- 
mental studies indicating that the predictive accuracy of the induced trees is not 
significantly different from that obtained with the Gain and Gain Ratio measures. 
However, this distance measure avoids the practical difficulties associated with the 
GainRatio measure, and in his experiments it produces significantly smaller trees 
in the case of data sets whose attributes have very different numbers of values. 

A variety of other selection measures have been proposed as well (e.g., 
see Breiman et al. 1984; Mingers 1989a; Kearns and Mansour 1996; Dietterich 
et al. 1996). Mingers (1989a) provides an experimental analysis of the relative 
effectiveness of several selection measures over a variety of problems. He reports 
significant differences in the sizes of the unpruned trees produced by the different 
selection measures. However, in his experimental domains the choice of attribute 
selection measure appears to have a smaller impact on final accuracy than does 
the extent and method of post-pruning. 
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3.7.4 Handling Training Examples with Missing Attribute Values 

In certain cases, the available data may be missing values for some attributes. 
For example, in a medical domain in which we wish to predict patient outcome 
based on various laboratory tests, it may be that the lab test Blood-Test-Result is 
available only for a subset of the patients. In such cases, it is common to estimate 
the missing attribute value based on other examples for which this attribute has a 
known value. 

Consider the situation in which Gain(S,  A )  is to be calculated at node n in 
the decision tree to evaluate whether the attribute A is the best attribute to test 
at this decision node. Suppose that ( x ,  c ( x ) )  is one of the training examples in S 
and that the value A(x)  is unknown. 

One strategy for dealing with the missing attribute value is to assign it the 
value that is most common among training examples at node n.  Alternatively, we 
might assign it the most common value among examples at node n that have the 
classification c ( x ) .  The elaborated training example using this estimated value for 
A(x) can then be used directly by the existing decision tree learning algorithm. 
This strategy is examined by Mingers (1989a). 

A second, more complex procedure is to assign a probability to each of the 
possible values of A rather than simply assigning the most common value to A(x).  
These probabilities can be estimated again based on the observed frequencies of 
the various values for A among the examples at node n.  For example, given a 
boolean attribute A, if node n contains six known examples with A = 1 and four 
with A = 0, then we would say the probability that A(x)  = 1 is 0.6, and the 
probability that A(x)  = 0 is 0.4. A fractional 0.6 of instance x  is now distributed 
down the branch for A = 1, and a fractional 0.4 of x  down the other tree branch. 
These fractional examples are used for the purpose of computing information 
Gain and can be further subdivided at subsequent branches of the tree if a second 
missing attribute value must be tested. This same fractioning of examples can 
also be applied after learning, to classify new instances whose attribute values 
are unknown. In this case, the classification of the new instance is simply the 
most probable classification, computed by summing the weights of the instance 
fragments classified in different ways at the leaf nodes of the tree. This method 
for handling missing attribute values is used in C4.5 (Quinlan 1993). 

3.7.5 Handling Attributes with Differing Costs 

In some learning tasks the instance attributes may have associated costs. For 
example, in learning to classify medical diseases we might describe patients in 
terms of attributes such as Temperature, BiopsyResult, Pulse, BloodTestResults, 
etc. These attributes vary significantly in their costs, both in terms of monetary 
cost and cost to patient comfort. In such tasks, we would prefer decision trees that 
use low-cost attributes where possible, relying on high-cost attributes only when 
needed to produce reliable classifications. 

ID3 can be modified to take into account attribute costs by introducing a cost 
term into the attribute selection measure. For example, we might divide the Gpin 



by the cost of the attribute, so that lower-cost attributes would be preferred. While 
such cost-sensitive measures do not guarantee finding an optimal cost-sensitive 
decision tree, they do bias the search in favor of low-cost attributes. 

Tan and Schlimmer (1990) and Tan (1993) describe one such approach and 
apply it to a robot perception task in which the robot must learn to classify dif- 
ferent objects according to how they can be grasped by the robot's manipulator. 
In this case the attributes correspond to different sensor readings obtained by a 
movable sonar on the robot. Attribute cost is measured by the number of seconds 
required to obtain the attribute value by positioning and operating the sonar. They 
demonstrate that more efficient recognition strategies are learned, without sacri- 
ficing classification accuracy, by replacing the information gain attribute selection 
measure by the following measure 

Cost ( A )  

Nunez (1988) describes a related approach and its application to learning 
medical diagnosis rules. Here the attributes are different symptoms and laboratory 
tests with differing costs. His system uses a somewhat different attribute selection 
measure 

2 G a W S . A )  - 1 

(Cost(A)  + 
where w E [0, 11 is a constant that determines the relative importance of cost 
versus information gain. Nunez (1991) presents an empirical comparison of these 
two approaches over a range of tasks. 

3.8 SUMMARY AND FURTHER READING 

The main points of this chapter include: 

Decision tree learning provides a practical method for concept learning and 
for learning other discrete-valued functions. The ID3 family of algorithms 
infers decision trees by growing them from the root downward, greedily 
selecting the next best attribute for each new decision branch added to the 
tree. 
ID3 searches a complete hypothesis space (i.e., the space of decision trees 
can represent any discrete-valued function defined over discrete-valued in- 
stances). It thereby avoids the major difficulty associated with approaches 
that consider only restricted sets of hypotheses: that the target function might 
not be present in the hypothesis space. 
The inductive bias implicit in ID3 includes a preference for smaller trees; 
that is, its search through the hypothesis space grows the tree only as large 
as needed in order to classify the available training examples. 
Overfitting the training data is an important issue in decision tree learning. 
Because the training examples are only a sample of all possible instances, 
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it is possible to add branches to the tree that improve performance on the 
training examples while decreasing performance on other instances outside 
this set. Methods for post-pruning the decision tree are therefore important 
to avoid overfitting in decision tree learning (and other inductive inference 
methods that employ a preference bias). 
A large variety of extensions to the basic ID3 algorithm has been developed 
by different researchers. These include methods for post-pruning trees, han- 
dling real-valued attributes, accommodating training examples with miss- 
ing attribute values, incrementally refining decision trees as new training 
examples become available, using attribute selection measures other than 
information gain, and considering costs associated with instance attributes. 

Among the earliest work on decision tree learning is Hunt's Concept Learn- 
ing System (CLS) (Hunt et al. 1966) and Friedman and Breiman's work resulting 
in the CART system (Friedman 1977; Breiman et al. 1984). Quinlan's ID3 sys- 
tem (Quinlan 1979, 1983) forms the basis for the discussion in this chapter. Other 
early work on decision tree learning includes ASSISTANT (Kononenko et al. 1984; 
Cestnik et al. 1987). Implementations of decision tree induction algorithms are 
now commercially available on many computer platforms. 

For further details on decision tree induction, an excellent book by Quinlan 
(1993) discusses many practical issues and provides executable code for C4.5. 
Mingers (1989a) and Buntine and Niblett (1992) provide two experimental studies 
comparing different attribute-selection measures. Mingers (1989b) and Malerba et 
al. (1995) provide studies of different pruning strategies. Experiments comparing 
decision tree learning and other learning methods can be found in numerous 
papers, including (Dietterich et al. 1995; Fisher and McKusick 1989; Quinlan 
1988a; Shavlik et al. 1991; Thrun et al. 1991; Weiss and Kapouleas 1989). 

EXERCISES 

Give decision trees to represent the following boolean functions: 
(a) A A -B 
(b) A  V [ B  A C ]  
(c) A  X O R  B 
(d) [ A  A B]  v [C A Dl 
Consider the following set of training examples: 

Instance Classification a1 a2 



( a )  What is the entropy of this collection of training examples with respect to the 
target function classification? 

(b) What is the information gain of a2 relative to these training examples? 
3.3. True or false: If decision tree D2 is an elaboration of tree Dl,  then D l  is more- 

general-than D2. Assume D l  and D2 are decision trees representing arbitrary boolean 
functions, and that D2 is an elaboration of D l  if ID3 could extend D l  into D2. If true, 
give a proof; if false, a counterexample. (More-general-than is defined in Chapter 2.) 

3.4. ID3 searches for just one consistent hypothesis, whereas the CANDIDATE- 
ELIMINATION algorithm finds all consistent hypotheses. Consider the correspondence 
between these two learning algorithms. 
( a )  Show the decision tree that would be learned by ID3 assuming it is given the 

four training examples for the Enjoy Sport? target concept shown in Table 2.1 
of Chapter 2. 

(b) What is the relationship between the learned decision tree and the version space 
(shown in Figure 2.3 of Chapter 2) that is learned from these same examples? 
Is the learned tree equivalent to one of the members of the version space? 

(c) Add the following training example, and compute the new decision tree. This 
time, show the value of the information gain for each candidate attribute at each 
step in growing the tree. 

Sky Air-Temp Humidity Wind Water Forecast Enjoy-Sport? 
Sunny Warm Normal Weak Warm Same No 

( d )  Suppose we wish to design a learner that (like ID3) searches a space of decision 
tree hypotheses and (like CANDIDATE-ELIMINATION) finds all hypotheses con- 
sistent with the data. In short, we wish to apply the CANDIDATE-ELIMINATION 
algorithm to searching the space of decision tree hypotheses. Show the S and 
G sets that result from the first training example from Table 2.1. Note S must 
contain the most specific decision trees consistent with the data, whereas G must 
contain the most general. Show how the S and G sets are refined by thesecond 
training example (you may omit syntactically distinct trees that describe the same 
concept). What difficulties do you foresee in applying CANDIDATE-ELIMINATION 
to a decision tree hypothesis space? 
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CHAPTER 

ARTIFICIAL 
NEURAL 

NETWORKS 

Artificial neural networks (ANNs) provide a general, practical method for learning 
real-valued, discrete-valued, and vector-valued functions from examples. Algorithms 
such as BACKPROPAGATION use gradient descent to tune network parameters to best 
fit a training set of input-output pairs. ANN learning is robust to errors in the training 
data and has been successfully applied to problems such as interpreting visual scenes, 
speech recognition, and learning robot control strategies. 

4.1 INTRODUCTION 

Neural network learning methods provide a robust approach to approximating 
real-valued, discrete-valued, and vector-valued target functions. For certain types 
of problems, such as learning to interpret complex real-world sensor data, artificial 
neural networks are among the most effective learning methods currently known. 
For example, the BACKPROPAGATION algorithm described in this chapter has proven 
surprisingly successful in many practical problems such as learning to recognize 
handwritten characters (LeCun et al. 1989), learning to recognize spoken words 
(Lang et al. 1990), and learning to recognize faces (Cottrell 1990). One survey of 
practical applications is provided by Rumelhart et al. (1994). 



4.1.1 Biological Motivation 

The study of artificial neural networks (ANNs) has been inspired in part by the 
observation that biological learning systems are built of very complex webs of 
interconnected neurons. In rough analogy, artificial neural networks are built out 
of a densely interconnected set of simple units, where each unit takes a number 
of real-valued inputs (possibly the outputs of other units) and produces a single 
real-valued output (which may become the input to many other units). 

To develop a feel for this analogy, let us consider a few facts from neuro- 
biology. The human brain, for example, is estimated to contain a densely inter- 
connected network of approximately 1011 neurons, each connected, on average, to 
lo4 others. Neuron activity is typically excited or inhibited through connections to 
other neurons. The fastest neuron switching times are known to be on the order of 
loe3 seconds--quite slow compared to computer switching speeds of 10-lo sec- 
onds. Yet humans are able to make surprisingly complex decisions, surprisingly 
quickly. For example, it requires approximately lo-' seconds to visually recognize 
your mother. Notice the sequence of neuron firings that can take place during this 
10-'-second interval cannot possibly be longer than a few hundred steps, given 
the switching speed of single neurons. This observation has led many to speculate 
that the information-processing abilities of biological neural systems must follow 
from highly parallel processes operating on representations that are distributed 
over many neurons. One motivation for ANN systems is to capture this kind 
of highly parallel computation based on distributed representations. Most ANN 
software runs on sequential machines emulating distributed processes, although 
faster versions of the algorithms have also been implemented on highly parallel 
machines and on specialized hardware designed specifically for ANN applications. 

While ANNs are loosely motivated by biological neural systems, there are 
many complexities to biological neural systems that are not modeled by ANNs, 
and many features of the ANNs we discuss here are known to be inconsistent 
with biological systems. For example, we consider here ANNs whose individual 
units output a single constant value, whereas biological neurons output a complex 
time series of spikes. 

Historically, two groups of researchers have worked with artificial neural 
networks. One group has been motivated by the goal of using ANNs to study 
and model biological learning processes. A second group has been motivated by 
the goal of obtaining highly effective machine learning algorithms, independent of 
whether these algorithms mirror biological processes. Within this book our interest 
fits the latter group, and therefore we will not dwell further on biological modeling. 
For more information on attempts to model biological systems using ANNs, see, 
for example, Churchland and Sejnowski (1992); Zornetzer et al. (1994); Gabriel 
and Moore (1990). 

4.2 NEURAL NETWORK REPRESENTATIONS 

A prototypical example of ANN learning is provided by Pomerleau's (1993) sys- 
tem ALVINN, which uses a learned ANN to steer an autonomous vehicle driving 



at normal speeds on public highways. The input to the neural network is a 30 x 32 
grid of pixel intensities obtained from a forward-pointed camera mounted on the 
vehicle. The network output is the direction in which the vehicle is steered. The 
ANN is trained to mimic the observed steering commands of a human driving the 
vehicle for approximately 5 minutes. ALVINN has used its learned networks to 
successfully drive at speeds up to 70 miles per hour and for distances of 90 miles 
on public highways (driving in the left lane of a divided public highway, with 
other vehicles present). 

Figure 4.1 illustrates the neural network representation used in one version 
of the ALVINN system, and illustrates the kind of representation typical of many 
ANN systems. The network is shown on the left side of the figure, with the input 
camera image depicted below it. Each node (i.e., circle) in the network diagram 
corresponds to the output of a single network unit, and the lines entering the node 
from below are its inputs. As can be seen, there are four units that receive inputs 
directly from all of the 30 x 32 pixels in the image. These are called "hidden" 
units because their output is available only within the network and is not available 
as part of the global network output. Each of these four hidden units computes a 
single real-valued output based on a weighted combination of its 960 inputs. These 
hidden unit outputs are then used as inputs to a second layer of 30 "output" units. 
Each output unit corresponds to a particular steering direction, and the output 
values of these units determine which steering direction is recommended most 
strongly. 

The diagrams on the right side of the figure depict the learned weight values 
associated with one of the four hidden units in this ANN. The large matrix of 
black and white boxes on the lower right depicts the weights from the 30 x 32 pixel 
inputs into the hidden unit. Here, a white box indicates a positive weight, a black 
box a negative weight, and the size of the box indicates the weight magnitude. 
The smaller rectangular diagram directly above the large matrix shows the weights 
from this hidden unit to each of the 30 output units. 

The network structure of ALYINN is typical of many ANNs. Here the in- 
dividual units are interconnected in layers that form a directed acyclic graph. In 
general, ANNs can be graphs with many types of structures-acyclic or cyclic, 
directed or undirected. This chapter will focus on the most common and practical 
ANN approaches, which are based on the BACKPROPAGATION algorithm. The BACK- 
PROPAGATION algorithm assumes the network is a fixed structure that corresponds 
to a directed graph, possibly containing cycles. Learning corresponds to choosing 
a weight value for each edge in the graph. Although certain types of cycles are 
allowed, the vast majority of practical applications involve acyclic feed-forward 
networks, similar to the network structure used by ALVINN. 

4.3 APPROPRIATE PROBLEMS FOR NEURAL NETWORK 
LEARNING 

ANN learning is well-suited to problems in which the training data corresponds 
to noisy, complex sensor data, such as inputs from cameras and microphones. 
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FIGURE 4.1 
Neural network learning to steer an autonomous vehicle. The ALVINN system uses BACKPROPAGA- 
TION to learn to steer an autonomous vehicle (photo at top) driving at speeds up to 70 miles per hour. 
The diagram on the left shows how the image of a forward-mounted camera is mapped to 960 neural 
network inputs, which are fed forward to 4 hidden units, connected to 30 output units. Network 
outputs encode the commanded steering direction. The figure on the right shows weight values for 
one of the hidden units in this network. The 30 x 32 weights into the hidden unit are displayed in 
the large matrix, with white blocks indicating positive and black indicating negative weights. The 
weights from this hidden unit to the 30 output units are depicted by the smaller rectangular block 
directly above the large block. As can be seen from these output weights, activation of this particular 
hidden unit encourages a turn toward the left. 



~t is also applicable to problems for which more symbolic representations are 
often used, such as the decision tree learning tasks discussed in Chapter 3. In 
these cases ANN and decision tree learning often produce results of comparable 
accuracy. See Shavlik et al. (1991) and Weiss and Kapouleas (1989) for exper- 
imental comparisons of decision tree and ANN learning. The BACKPROPAGATION 
algorithm is the most commonly used ANN learning technique. It is appropriate 
for problems with the following characteristics: 

0 Instances are represented by many attribute-value pairs. The target function 
to be learned is defined over instances that can be described by a vector of 
predefined features, such as the pixel values in the ALVINN example. These 
input attributes may be highly correlated or independent of one another. 
Input values can be any real values. 
The target function output may be discrete-valued, real-valued, or a vector 
of several real- or discrete-valued attributes. For example, in the ALVINN 
system the output is a vector of 30 attributes, each corresponding to a rec- 
ommendation regarding the steering direction. The value of each output is 
some real number between 0 and 1, which in this case corresponds to the 
confidence in predicting the corresponding steering direction. We can also 
train a single network to output both the steering command and suggested 
acceleration, simply by concatenating the vectors that encode these two out- 
put predictions. 
The training examples may contain errors. ANN learning methods are quite 
robust to noise in the training data. 
Long training times are acceptable. Network training algorithms typically 
require longer training times than, say, decision tree learning algorithms. 
Training times can range from a few seconds to many hours, depending 
on factors such as the number of weights in the network, the number of 
training examples considered, and the settings of various learning algorithm 
parameters. 
Fast evaluation of the learned target function may be required. Although 
ANN learning times are relatively long, evaluating the learned network, in 
order to apply it to a subsequent instance, is typically very fast. For example, 
ALVINN applies its neural network several times per second to continually 
update its steering command as the vehicle drives forward. 

I The ability of humans to understand the learned target function is not impor- 
tant. The weights learned by neural networks are often difficult for humans to 
interpret. Learned neural networks are less easily communicated to humans 
than learned rules. 

The rest of this chapter is organized as follows: We first consider several 
alternative designs for the primitive units that make up artificial neural networks 
(perce~trons, linear units, and sigmoid units), along with learning algorithms for 
training single units. We then present the BACKPROPAGATION algorithm for training 



multilayer networks of such units and consider several general issues such as the 
representational capabilities of ANNs, nature of the hypothesis space search, over- 
fitting problems, and alternatives to the BACKPROPAGATION algorithm. A detailed 
example is also presented applying BACKPROPAGATION to face recognition, and 
directions are provided for the reader to obtain the data and code to experiment 
further with this application. 

4.4 PERCEPTRONS 

One type of ANN system is based on a unit called a perceptron, illustrated in 
Figure 4.2. A perceptron takes a vector of real-valued inputs, calculates a linear 
combination of these inputs, then outputs a 1 if the result is greater than some 
threshold and -1 otherwise. More precisely, given inputs xl through x,, the output 
o(x1, . . . , x,) computed by the perceptron is 

o(x1,.  . . , x , )  = 1 if wo + w l x l +  ~ 2 x 2  + - . + W , X ,  > 0 
-1 otherwise 

where each wi is a real-valued constant, or weight, that determines the contribution 
of input xi to the perceptron output. Notice the quantity ( -wO) is a threshold that 
the weighted combination of inputs wlxl + . . . + wnxn must surpass in order for 
the perceptron to output a 1. 

To simplify notation, we imagine an additional constant input xo = 1, al- 
lowing us to write the above inequality as C:=o wixi > 0, or in vector form as 
iir ..i! > 0. For brevity, we will sometimes write the perceptron function as 

where 

Learning a perceptron involves choosing values for the weights wo, . . . , w,. 
Therefore, the space H of candidate hypotheses considered in perceptron learning 
is the set of all possible real-valued weight vectors. 

4.4.1 Representational Power of Perceptrons 

We can view the perceptron as representing a hyperplane decision surface in the 
n-dimensional space of instances (i.e., points). The perceptron outputs a 1 for 
instances lying on one side of the hyperplane and outputs a -1 for instances 
lying on the other side, as illustrated in Figure 4.3. The equation for this decision 
hyperplane is iir . .i! = 0. Of course, some sets of positive and negative examples 
cannot be separated by any hyperplane. Those that can be separated are called 
linearly separable sets of examples. 



FIGURE 4 3  
A perceptron. 

A single perceptron can be used to represent many boolean functions. For 
example, if we assume boolean values of 1 (true) and -1 (false), then one way to 
use a two-input perceptron to implement the AND function is to set the weights 
wo = -3, and wl = wz = .5. This perceptron can be made to represent the OR 
function instead by altering the threshold to wo = -.3. In fact, AND and OR can 
be viewed as special cases of m-of-n functions: that is, functions where at least 
m of the n inputs to the perceptron must be true. The OR function corresponds to 
rn = 1 and the AND function to m = n. Any m-of-n function is easily represented 
using a perceptron by setting all input weights to the same value (e.g., 0.5) and 
then setting the threshold wo accordingly. 

Perceptrons can represent all of the primitive boolean functions AND, OR, 
NAND ( 1  AND), and NOR ( 1  OR). Unfortunately, however, some boolean func- 
tions cannot be represented by a single perceptron, such as the XOR function 
whose value is 1 if and only if xl # xz. Note the set of linearly nonseparable 
training examples shown in Figure 4.3(b) corresponds to this XOR function. 

The ability of perceptrons to represent AND, OR, NAND, and NOR is 
important because every boolean function can be represented by some network of 
interconnected units based on these primitives. In fact, every boolean function can 
be represented by some network of perceptrons only two levels deep, in which 

FIGURE 4.3 
The decision surface represented by a two-input perceptron. (a)  A set of training examples and the 
decision surface of a perceptron that classifies them correctly. (b) A set of training examples that is 
not linearly separable (i.e., that cannot be correctly classified by any straight line). xl and x2 are the 
Perceptron inputs. Positive examples are indicated by "+", negative by "-". 



the inputs are fed to multiple units, and the outputs of these units are then input to 
a second, final stage. One way is to represent the boolean function in disjunctive 
normal form (i.e., as the disjunction (OR) of a set of conjunctions (ANDs) of 
the inputs and their negations). Note that the input to an AND perceptron can be 
negated simply by changing the sign of the corresponding input weight. 

Because networks of threshold units can represent a rich variety of functions 
and because single units alone cannot, we will generally be interested in learning 
multilayer networks of threshold units. 

4.4.2 The Perceptron Training Rule 

Although we are interested in learning networks of many interconnected units, let 
us begin by understanding how to learn the weights for a single perceptron. Here 
the precise learning problem is to determine a weight vector that causes the per- 
ceptron to produce the correct f 1 output for each of the given training examples. 

Several algorithms are known to solve this learning problem. Here we con- 
sider two: the perceptron rule and the delta rule (a variant of the LMS rule used 
in Chapter 1 for learning evaluation functions). These two algorithms are guaran- 
teed to converge to somewhat different acceptable hypotheses, under somewhat 
different conditions. They are important to ANNs because they provide the basis 
for learning networks of many units. 

One way to learn an acceptable weight vector is to begin with random 
weights, then iteratively apply the perceptron to each training example, modify- 
ing the perceptron weights whenever it misclassifies an example. This process is 
repeated, iterating through the training examples as many times as needed until 
the perceptron classifies all training examples correctly. Weights are modified at 
each step according to the perceptron training rule, which revises the weight wi 
associated with input xi according to the rule 

where 

Here t is the target output for the current training example, o is the output generated 
by the perceptron, and q is a positive constant called the learning rate. The role 
of the learning rate is to moderate the degree to which weights are changed at 
each step. It is usually set to some small value (e.g., 0.1) and is sometimes made 
to decay as the number of weight-tuning iterations increases. 

Why should this update rule converge toward successful weight values? To 
get an intuitive feel, consider some specific cases. Suppose the training example is 
correctly classified already by the perceptron. In this case, ( t  - o) is zero, making 
Awi zero, so that no weights are updated. Suppose the perceptron outputs a -1, 
when the target output is + 1. To make the perceptron output a + 1 instead of - 1 in 
this case, the weights must be altered to increase the value of G . 2 .  For example, if 
xi r 0, then increasing wi will bring the perceptron closer to correctly classifying 



this example. Notice the training rule will increase w, in this case, because ( t  - o), 
7 ,  and Xi are all positive. For example, if xi = .8, q = 0.1, t = 1 ,  and o = - 1 ,  
then the weight update will be Awi = q(t - o)xi = O . 1 ( 1  - (-1))0.8 = 0.16. On 
the other hand, if t = - 1  and o = 1, then weights associated with positive xi will 
be decreased rather than increased. 

In fact, the above learning procedure can be proven to converge within a 
finite number of applications of the perceptron training rule to a weight vec- 
tor that correctly classifies all training examples, provided the training examples 
are linearly separable and provided a sufficiently small 7 is used (see Minsky 
and Papert 1969). If the data are not linearly separable, convergence is not as- 
sured. 

4.4.3 Gradient Descent and the Delta Rule 

Although the perceptron rule finds a successful weight vector when the training 
examples are linearly separable, it can fail to converge if the examples are not 
linearly separable. A second training rule, called the delta rule, is designed to 
overcome this difficulty. If the training examples are not linearly separable, the 
delta rule converges toward a best-fit approximation to the target concept. 

The key idea behind the delta rule is to use gradient descent to search the hy- 
pothesis space of possible weight vectors to find the weights that best fit the train- 
ing examples. This rule is important because gradient descent provides the basis 
for the BACKPROPAGATION algorithm, which can learn networks with many inter- 
connected units. It is also important because gradient descent can serve as the 
basis for learning algorithms that must search through hypothesis spaces contain- 
ing many different types of continuously parameterized hypotheses. 

The delta training rule is best understood by considering the task of training 
an unthresholded perceptron; that is, a linear unit for which the output o is given by 

Thus, a linear unit corresponds to the first stage of a perceptron, without the 
threshold. 

In order to derive a weight learning rule for linear units, let us begin by 
specifying a measure for the training error of a hypothesis (weight vector), relative 
to the training examples. Although there are many ways to define this error, one 
common measure that will turn out to be especially convenient is 

where D is the set of training examples, td is the target output for training example 
d,  and od is the output of the linear unit for training example d. By this definition, 
E ( 6 )  is simply half the squared difference between the target output td and the 
h e a r  unit output od, summed over all training examples. Here we characterize 
E as a function of 27, because the linear unit output o depends on this weight 
vector. Of course E also depends on the particular set of training examples, but 



we assume these are fixed during training, so we do not bother to write E as an 
explicit function of these. Chapter 6 provides a Bayesian justification for choosing 
this particular definition of E. In particular, there we show that under certain 
conditions the hypothesis that minimizes E is also the most probable hypothesis 
in H given the training data. 

4.4.3.1 VISUALIZING THE HYPOTHESIS SPACE 

To understand the gradient descent algorithm, it is helpful to visualize the entire 
hypothesis space of possible weight vectors and their associated E values, as 
illustrated in Figure 4.4. Here the axes wo and w l  represent possible values for 
the two weights of a simple linear unit. The wo, w l  plane therefore represents 
the entire hypothesis space. The vertical axis indicates the error E relative to 
some fixed set of training examples. The error surface shown in the figure thus 
summarizes the desirability of every weight vector in the hypothesis space (we 
desire a hypothesis with minimum error). Given the way in which we chose to 
define E, for linear units this error surface must always be parabolic with a single 
global minimum. The specific parabola will depend, of course, on the particular 
set of training examples. 

FIGURE 4.4 
Error of different hypotheses. For a linear unit with two weights, the hypothesis space H is the 
wg, wl  plane. The vertical axis indicates tk error of the corresponding weight vector hypothesis, 
relative to a fixed set of training examples. The arrow shows the negated gradient at one partic- 
ular point, indicating the direction in the wo, w l  plane producing steepest descent along the error 
surface. 



Gradient descent search determines a weight vector that minimizes E by 
starting with an arbitrary initial weight vector, then repeatedly modifying it in 
small steps. At each step, the weight vector is altered in the direction that produces 
the steepest descent along the error surface depicted in Figure 4.4. This process 
continues until the global minimum error is reached. 

4.4.3.2 DERIVATION OF THE GRADIENT DESCENT RULE 

How can we calculate the direction of steepest descent along the error surface? 
This direction can be found by computing the derivative of E with respect to each 
component of the vector 2. This vector derivative is called the gradient of E with 
respect to 221, written ~ ~ ( i i r ) .  

Notice VE(221) is itself a vector, whose components are the partial derivatives 
of E with respect to each of the wi. When interpreted as a vector in weight 
space, the gradient specijies the direction that produces the steepest increase in 
E .  The negative of this vector therefore gives the direction of steepest decrease. 
For example, the arrow in Figure 4.4 shows the negated gradient -VE(G) for a 
particular point in the wo, wl plane. 

Since the gradient specifies the direction of steepest increase of E, the train- 
ing rule for gradient descent is 

where 

Here r]  is a positive constant called the learning rate, which determines the step 
size in the gradient descent search. The negative sign is present because we want 
to move the weight vector in the direction that decreases E. This training rule 
can also be written in its component form 

where 

which makes it clear that steepest descent is achieved by altering each component 
w, of ii in proportion to E. 

To construct a practical algorithm for iteratively updating weights according 
to Equation ( 4 4 ,  we need an efficient way of calculating the gradient at each 
step. Fortunately, this is not difficult. The vector of derivatives that form the 



gradient can be obtained by differentiating E from Equation (4.2), as 

where xid denotes the single input component xi for training example d. We now 
have an equation that gives in terms of the linear unit inputs xid, outputs 
Od, and target values td associated with the training examples. Substituting Equa- 
tion (4.6) into Equation (4.5) yields the weight update rule for gradient descent 

To summarize, the gradient descent algorithm for training linear units is as 
follows: Pick an initial random weight vector. Apply the linear unit to all training 
examples, then compute Awi for each weight according to Equation (4.7). Update 
each weight wi by adding Awi, then repeat this process. This algorithm is given 
in Table 4.1. Because the error surface contains only a single global minimum, 
this algorithm will converge to a weight vector with minimum error, regardless 
of whether the training examples are linearly separable, given a sufficiently small 
learning rate q is used. If r )  is too large, the gradient descent search runs the risk 
of overstepping the minimum in the error surface rather than settling into it. For 
this reason, one common modification to the algorithm is to gradually reduce the 
value of r )  as the number of gradient descent steps grows. 

4.4.3.3 STOCHASTIC APPROXIMATION TO GRADIENT DESCENT 

Gradient descent is an important general paradigm for learning. It is a strategy for 
searching through a large or infinite hypothesis space that can be applied whenever 
(1) the hypothesis space contains continuously parameterized hypotheses (e.g., the 
weights in a linear unit), and (2) the error can be differentiated with respect to 
these hypothesis parameters. The key practical difficulties in applying gradient 
descent are (1) converging to a local minimum can sometimes be quite slow (i.e., 
it can require many thousands of gradient descent steps), and (2) if there are 
multiple local minima in the error surface, then there is no guarantee that the 
procedure will find the global minimum. 
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- - 

~ ~ A D I E N T - D E s c E N T ( ~ ~ ~ ~ ~ ~ ~ ~ ~ x ~ ~ ~ ~ ~ s ,  q )  
Each training example is a pair of the form (2, t ) ,  where x' is the vector of input values, and 
t is the target output value. q is the learning rate (e.g., .05). . Initialize each w, to some small random value . Until the termination condition is met, Do 

0 Initialize each Awi to zero. 
0 For each (2, t )  in trainingaxamples, Do 

w Input the instance x' to the unit and compute the output o 
For each linear unit weight w, ,  Do 

For each linear unit weight wi, Do 

TABLE 4.1 
GRADIENT DESCENT algorithm for training a linear unit. To implement the stochastic approximation 
to gradient descent, Equation (T4.2) is deleted, and Equation (T4.1) replaced by wi c wi +q(t  - o b i .  

One common variation on gradient descent intended to alleviate these diffi- 
culties is called incremental gradient descent, or alternatively stochastic gradient 
descent. Whereas the gradient descent training rule presented in Equation (4.7) 
computes weight updates after summing over a22 the training examples in D, the 
idea behind stochastic gradient descent is to approximate this gradient descent 
search by updating weights incrementally, following the calculation of the error 
for each individual example. The modified training rule is like the training rule 
given by Equation (4.7) except that as we iterate through each training example 
we update the weight according to 

where t, o, and xi are the target value, unit output, and ith input for the training 
example in question. To modify the gradient descent algorithm of Table 4.1 to 
implement this stochastic approximation, Equation (T4.2) is simply deleted and 
Equation (T4.1) replaced by wi t wi + v ( t  - o) xi. One way to view this stochastic 
gradient descent is to consider a distinct error function ~ ~ ( 6 )  defined for each 
individual training example d as follows 

1 
Ed (6) = - (td - 0 d )  

2 

2 
(4.11) 

where t, and od are the target value and the unit output value for training ex- 
ample d. Stochastic gradient descent iterates over the training examples d in D, 
at each iteration altering the weights according to the gradient with respect to 
Ed(;). The sequence of these weight updates, when iterated over all training 
examples, provides a reasonable approximation to descending the gradient with 
respect to our original error function E(G). By making the value of 7 (the gradient 
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descent step size) sufficiently small, stochastic gradient descent can be made to 
approximate true gradient descent arbitrarily closely. The key differences between 
standard gradient descent and stochastic gradient descent are: 

0 In standard gradient descent, the error is summed over all examples before 
updating weights, whereas in stochastic gradient descent weights are updated 
upon examining each training example. . Summing over multiple examples in standard gradient descent requires more 
computation per weight update step. On the other hand, because it uses the 
true gradient, standard gradient descent is often used with a larger step size 
per weight update than stochastic gradient descent. 

r, In cases where there are multiple local minima with respect to E($ ,  stochas- 
tic gradient descent can sometimes avoid falling into these local minima 
because it uses the various V E d ( G )  rather than V E ( 6 )  to guide its search. 

Both stochastic and standard gradient descent methods are commonly used in 
practice. 

The training rule in Equation (4.10) is known as the delta rule, or sometimes 
the LMS (least-mean-square) rule, Adaline rule, or Widrow-Hoff rule (after its 
inventors). In Chapter 1 we referred to it as the LMS weight-update rule when 
describing its use for learning an evaluation function for game playing. Notice 
the delta rule in Equation (4.10) is similar to the perceptron training rule in 
Equation (4.4.2). In fact, the two expressions appear to be identical. However, 
the rules are different because in the delta rule o refers to the linear unit output 
o ( 2 )  = i;) .?, whereas for the perceptron rule o refers to the thresholded output 
o(2 )  = sgn($ . 2 ) .  

Although we have presented the delta rule as a method for learning weights 
for unthresholded linear units, it can easily be used to train thresholded perceptron 
units, as well. Suppose that o = i;) . x' is the unthresholded linear unit output as 
above, and of = s g n ( G . 2 )  is the result of thresholding o as in the perceptron. Now 
if we wish to train a perceptron to fit training examples with target values o f f  1  for 
o', we can use these same target values and examples to train o instead, using the 
delta rule. Clearly, if the unthresholded output o can be trained to fit these values 
perfectly, then the threshold output of will fit them as well (because sgn(1) = 1, 
and sgn(-1)  = -1). Even when the target values cannot be fit perfectly, the 
thresholded of value will correctly fit the f 1  target value whenever the linear 
unit output o has the correct sign. Notice, however, that while this procedure will 
learn weights that minimize the error in the linear unit output o, these weights 
will not necessarily minimize the number of training examples misclassified by 
the thresholded output 0'. 

4.4.4 Remarks 

We have considered two similar algorithms for iteratively learning perceptron 
weights. The key difference between these algorithms is that the perceptron train- 
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ing rule updates weights based on the error in the thresholded perceptron output, 
whereas the delta rule updates weights based on the error in the unthresholded 
linear combination of inputs. 

The difference between these two training rules is reflected in different con- 
vergence properties. The perceptron training rule converges after a finite number 
of iterations to a hypothesis that perfectly classifies the training data, provided the 
training examples are linearly separable. The delta rule converges only asymp- 
totically toward the minimum error hypothesis, possibly requiring unbounded 
time, but converges regardless of whether the training data are linearly sepa- 
rable. A detailed presentation of the convergence proofs can be found in Hertz et 
al. (1991). 

A third possible algorithm for learning the weight vector is linear program- 
ming. Linear programming is a general, efficient method for solving sets of linear 
inequalities. Notice each training example corresponds to an inequality of the 
form zZI - x' > 0 or G . x' 5 0, and their solution is the desired weight vector. Un- 
fortunately, this approach yields a solution only when the training examples are 
linearly separable; however, Duda and Hart (1973, p. 168) suggest a more subtle 
formulation that accommodates the nonseparable case. In any case, the approach 
of linear programming does not scale to training multilayer networks, which is 
our primary concern. In contrast, the gradient descent approach, on which the 
delta rule is based, can be easily extended to multilayer networks, as shown in 
the following section. 

4.5 MULTILAYER NETWORKS AND THE BACKPROPAGATION 
ALGORITHM 

As noted in Section 4.4.1, single perceptrons can only express linear decision 
surfaces. In contrast, the kind of multilayer networks learned by the BACKPROPA- 
CATION algorithm are capable of expressing a rich variety of nonlinear decision 
surfaces. For example, a typical multilayer network and decision surface is de- 
picted in Figure 4.5. Here the speech recognition task involves distinguishing 
among 10 possible vowels, all spoken in the context of "h-d" (i.e., "hid," "had," 
"head," "hood," etc.). The input speech signal is represented by two numerical 
parameters obtained from a spectral analysis of the sound, allowing us to easily 
visualize the decision surface over the two-dimensional instance space. As shown 
in the figure, it is possible for the multilayer network to represent highly nonlinear 
decision surfaces that are much more expressive than the linear decision surfaces 
of single units shown earlier in Figure 4.3. 

This section discusses how to learn such multilayer networks using a gradient 
descent algorithm similar to that discussed in the previous section. 

4.5.1 A Differentiable Threshold Unit 

What type of unit shall we use as the basis for constructing multilayer networks? 
At first we might be tempted to choose the linear units discussed in the previous 
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FIGURE 4.5 
Decision regions of a multilayer feedforward network. The network shown here was trained to 
recognize 1 of 10 vowel sounds occurring in the context "hd" (e.g., "had," "hid"). The network 
input consists of two parameters, F1 and F2, obtained from a spectral analysis of the sound. The 
10 network outputs correspond to the 10 possible vowel sounds. The network prediction is the 
output whose value is highest. The plot on the right illustrates the highly nonlinear decision surface 
represented by the learned network. Points shown on the plot are test examples distinct from the 
examples used to train the network. (Reprinted by permission from Haung and Lippmann (1988).) 

section, for which we have already derived a gradient descent learning rule. How- 
ever, multiple layers of cascaded linear units still produce only linear functions, 
and we prefer networks capable of representing highly nonlinear functions. The 
perceptron unit is another possible choice, but its discontinuous threshold makes 
it undifferentiable and hence unsuitable for gradient descent. What we need is a 
unit whose output is a nonlinear function of its inputs, but whose output is also 
a differentiable function of its inputs. One solution is the sigmoid unit-a unit 
very much like a perceptron, but based on a smoothed, differentiable threshold 
function. 

The sigmoid unit is illustrated in Figure 4.6. Like the perceptron, the sigmoid 
unit first computes a linear combination of its inputs, then applies a threshold to 
the result. In the case of the sigmoid unit, however, the threshold output is a 

net = C wi xi 1 o = @net) = - 
1 + kMf 

FIGURE 4.6 
The sigmoid threshold unit. 
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continuous function of its input. More precisely, the sigmoid unit computes its 
output o as 

where 

a is often called the sigmoid function or, alternatively, the logistic function. Note 
its output ranges between 0 and 1, increasing monotonically with its input (see the 
threshold function plot in Figure 4.6.). Because it maps a very large input domain 
to a small range of outputs, it is often referred to as the squashingfunction of 
the unit. The sigmoid function has the useful property that its derivative is easily 
expressed in terms of its output [in particular, = 

d y  O(Y) . (1 - dy))] .  As 
we shall see, the gradient descent learning rule makes use of this derivative. 
Other differentiable functions with easily calculated derivatives are sometimes 
used in place of a. For example, the term e-y in the sigmoid function definition 
is sometimes replaced by e-k'y where k is some positive constant that determines 
the steepness of the threshold. The function tanh is also sometimes used in place 
of the sigmoid function (see Exercise 4.8). 

4.5.2 The BACKPROPAGATION Algorithm 

The BACKPROPAGATION algorithm learns the weights for a multilayer network, 
given a network with a fixed set of units and interconnections. It employs gradi- 
ent descent to attempt to minimize the squared error between the network output 
values and the target values for these outputs. This section presents the BACKPROP- 
AGATION algorithm, and the following section gives the derivation for the gradient 
descent weight update rule used by BACKPROPAGATION. 

Because we are considering networks with multiple output units rather than 
single units as before, we begin by redefining E to sum the errors over all of the 
network output units 

where outputs is the set of output units in the network, and tkd and OM are the 
I target and output values associated with the kth output unit and training example d. 

The learning problem faced by BACKPROPAGATION is to search a large hypoth- 
esis space defined by all possible weight values for all the units in the network. 
The situation can be visualized in terms of an error surface similar to that shown 
for linear units in Figure 4.4. The error in that diagram is replaced by our new 
definition of E, and the other dimensions of the space correspond now to all of 
the weights associated with all of the units in the network. As in the case of 
training a single unit, gradient descent can be used to attempt to find a hypothesis 
to minimize E. 



B~c~~~o~~GATIO~(trainingaxamp~es, q,  ni, , no,, , nhidden) 
Each training example is a pair of the form (2, i ), where x' is the vector of network input 
values, and is the vector of target network output values. 
q is the learning rate (e.g., .O5). ni, is the number of network inputs, nhidden the number of 
units in the hidden layer, and no,, the number of output units. 
The inputfiom unit i into unit j is denoted xji, and the weight from unit i to unit j is denoted 
wji. 

a Create a feed-forward network with ni, inputs, m i d d e n  hidden units, and nour output units. 
a Initialize all network weights to small random numbers (e.g., between -.05 and .05). 
r Until the termination condition is met, Do 

a For each (2, i ) in trainingaxamples, Do 

Propagate the input forward through the network: 

1, Input the instance x' to the network and compute the output o, of every unit u in 
the network. 

Propagate the errors backward through the network: 

2. For each network output unit k, calculate its error term Sk 

6k 4- ok(l - ok)(tk - 0 k )  

3. For each hidden unit h,  calculate its error term 6h 

4. Update each network weight wji 

where 
Aw.. - 

Jl - I 11 

TABLE 4.2 
The stochastic gradient descent version of the BACKPROPAGATION algorithm for feedforward networks 
containing two layers of sigmoid units. 

One major difference in the case of multilayer networks is that the error sur- 
face can have multiple local minima, in contrast to the single-minimum parabolic 
error surface shown in Figure 4.4. Unfortunately, this means that gradient descent 
is guaranteed only to converge toward some local minimum, and not necessarily 
the global minimum error. Despite this obstacle, in practice BACKPROPAGATION has 
been found to produce excellent results in many real-world applications. 

The BACKPROPAGATION algorithm is presented in Table 4.2. The algorithm as 
described here applies to layered feedforward networks containing two layers of 
sigmoid units, with units at each layer connected to all units from the preceding 
layer. This is the incremental, or stochastic, gradient descent version of BACK- 
PROPAGATION. The notation used here is the same as that used in earlier sections, 
with the following extensions: 
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An index (e.g., an integer) is assigned to each node in the network,where 
a "node" is either an input to the network or the output of some unit in the 
network. 

0 xji denotes the input from node i to unit j ,  and wji denotes the corresponding 
weight. 

0 6, denotes the error term associated with unit n. It plays a role analogous 
to the quantity ( t  - o )  in our earlier discussion of the delta training rule. As 
we shall see later, 6, = - s. 
Notice the algorithm in Table 4.2 begins by constructing a network with the 

desired number of hidden and output units and initializing all network weights 
to small random values. Given this fixed network structure, the main loop of the 
algorithm then repeatedly iterates over the training examples. For each training 
example, it applies the network to the example, calculates the error of the network 
output for this example, computes the gradient with respect to the error on this 
example, then updates all weights in the network. This gradient descent step is 
iterated (often thousands of times, using the same training examples multiple 
times) until the network performs acceptably well. 

The gradient descent weight-update rule (Equation [T4.5] in Table 4.2) is 
similar to the delta training rule (Equation [4.10]). Like the delta rule, it updates 
each weight in proportion to the learning rate r ] ,  the input value xji to which 
the weight is applied, and the error in the output of the unit. The only differ- 
ence is that the error ( t  - o )  in the delta rule is replaced by a more complex 
error term, aj.  The exact form of aj  follows from the derivation of the weight- 
tuning rule given in Section 4.5.3. To understand it intuitively, first consider 
how ak is computed for each network output unit k (Equation [T4.3] in the al- 
gorithm). ak is simply the familiar (tk - ok) from the delta rule, multiplied by 
the factor ok( l  - ok),  which is the derivative of the sigmoid squashing function. 
The ah value for each hidden unit h has a similar form (Equation [T4.4] in the 
algorithm). However, since training examples provide target values tk only for 
network outputs, no target values are directly available to indicate the error of 
hidden units' values. Instead, the error term for hidden unit h is calculated by 
summing the error terms J k  for each output unit influenced by h,  weighting each 
of the ak's by wkh, the weight from hidden unit h to output unit k. This weight 
characterizes the degree to which hidden unit h is "responsible for" the error in 
output unit k. 

I 

The algorithm in Table 4.2 updates weights incrementally, following the 
I 

Presentation of each training example. This corresponds to a stochastic approxi- 
mation to gradient descent. To obtain the true gradient of E one would sum the 
6, x,, values over all training examples before altering weight values. 

The weight-update loop in BACKPROPAGATION may be iterated thousands of 
times in a typical application. A variety of termination conditions can be used 
to halt the procedure. One may choose to halt after a fixed number of iterations 
through the loop, or once the error on the training examples falls below some 
threshold, or once the error on a separate validation set of examples meets some 
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criterion. The choice of termination criterion is an important one, because too few 
iterations can fail to reduce error sufficiently, and too many can lead to overfitting 
the training data. This issue is discussed in greater detail in Section 4.6.5. 

4.5.2.1 ADDING MOMENTUM 

Because BACKPROPAGATION is such a widely used algorithm, many variations have 
been developed. Perhaps the most common is to alter the weight-update rule in 
Equation (T4.5) in the algorithm by making the weight update on the nth iteration 
depend partially on the update that occurred during the (n - 1)th iteration, as 
follows: 

Here Awji(n) is the weight update performed during the nth iteration through the 
main loop of the algorithm, and 0 5 a < 1 is a constant called the momentum. 
Notice the first term on the right of this equation is just the weight-update rule of 
Equation (T4.5) in the BACKPROPAGATION algorithm. The second term on the right 
is new and is called the momentum term. To see the effect of this momentum 
term, consider that the gradient descent search trajectory is analogous to that 
of a (momentumless) ball rolling down the error surface. The effect of a! is to 
add momentum that tends to keep the ball rolling in the same direction from 
one iteration to the next. This can sometimes have the effect of keeping the ball 
rolling through small local minima in the error surface, or along flat regions in 
the surface where the ball would stop if there were no momentum. It also has 
the effect of gradually increasing the step size of the search in regions where the 
gradient is unchanging, thereby speeding convergence. 

4.5.2.2 LEARNING IN ARBITRARY ACYCLIC NETWORKS 

The definition of BACKPROPAGATION presented in Table 4.2 applies o h y  to two- 
layer networks. However, the algorithm given there easily generalizes to feedfor- 
ward networks of arbitrary depth. The weight update rule seen in Equation (T4.5) 
is retained, and the only change is to the procedure for computing 6 values. In 
general, the 6, value for a unit r in layer rn is computed from the 6 values at the 
next deeper layer rn + 1 according to 

Notice this is identical to Step 3 in the algorithm of Table 4.2, so all we are really 
saying here is that this step may be repeated for any number of hidden layers in 
the network. 

It is equally straightforward to generalize the algorithm to any directed 
acyclic graph, regardless of whether the network units are arranged in uniform 
layers as we have assumed up to now. In the case that they are not, the rule for 
calculating 6 for any internal unit (i.e., any unit that is not an output) is 
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where Downstream(r) is the set of units immediately downstream from unit r in 
the network: that is, all units whose inputs include the output of unit r. It is this 
gneral form of the weight-update rule that we derive in Section 4.5.3. 

4.5.3 Derivation of the BACKPROPAGATION Rule 

This section presents the derivation of the BACKPROPAGATION weight-tuning rule. 
It may be skipped on a first reading, without loss of continuity. 

The specific problem we address here is deriving the stochastic gradient de- 
scent rule implemented by the algorithm in Table 4.2. Recall from Equation (4 .  l l )  
that stochastic gradient descent involves iterating through the training examples 
one at a time, for each training example d descending the gradient of the error 
Ed with respect to this single example. In other words, for each training example 
d every weight wji is updated by adding to it Awji 

where Ed is the error on training example d, summed over all output units in the 
network 

Here outputs is the set of output units in the network, tk is the target value of unit 
k for training example d, and ok is the output of unit k given training example d. 

The derivation of the stochastic gradient descent rule is conceptually straight- 
forward, but requires keeping track of a number of subscripts and variables. We 
will follow the notation shown in Figure 4.6, adding a subscript j to denote to 
the jth unit of the network as follows: 

xji = the ith input to unit j 

wji  = the weight associated with the ith input to unit j 
netj = xi wjixji (the weighted sum of inputs for unit j )  

oj = the output computed by unit j 
t, = the target output for unit j 
a = the sigmoid function 

outputs = the set of units in the final layer of the network 

Downstream(j) = the set of units whose immediate inputs include the 
output of unit j 

We now derive an expression for 2 in order to implement the stochastic 
gradient descent rule seen in Equation (4:2l) .  To begin, notice that weight wji 
can influence the rest of the network only through netj. Therefore, we can use the 
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chain rule to write 

Given Equation (4.22), our remaining task is to derive a convenient expression 
for z. We consider two cases in turn: the case where unit j is an output unit 
for the network, and the case where j is an internal unit. 

Case 1:  raini in^ Rule for Output Unit Weights. Just as wji can influence the 
rest of the network only through net,, net, can influence the network only through 
o j .  Therefore, we can invoke the chain rule again to write 

To begin, consider just the first term in Equation (4.23) 

The derivatives &(tk - ok12 will be zero for all output units k except when k = j. 
We therefore drop the summation over output units and simply set k = j. 

Next consider the second term in Equation (4.23). Since oj = a(net j ) ,  the 
derivative $ is just the derivative of the sigmoid function, which we have 
already noted is equal to a(net j ) ( l  - a(net j ) ) .  Therefore, 

Substituting expressions (4.24) and (4.25) into (4.23), we obtain 



and combining this with Equations (4.21) and (4.22), we have the stochastic 
gradient descent rule for output units 

Note this training rule is exactly the weight update rule implemented by Equa- 
tions (T4.3) and (T4.5) in the algorithm of Table 4.2. Furthermore, we can see 
now that Sk in Equation (T4.3) is equal to the quantity -$. In the remainder 
of this section we will use Si  to denote the quantity -% for an arbitrary unit i .  

Case 2: Training Rule for Hidden Unit Weights. In the case where j is an 
internal, or hidden unit in the network, the derivation of the training rule for wji 
must take into account the indirect ways in which wji can influence the network 
outputs and hence Ed. For this reason, we will find it useful to refer to the 
set of all units immediately downstream of unit j in the network (i.e., all units 
whose direct inputs include the output of unit j). We denote this set of units by 
Downstream( j). Notice that netj can influence the network outputs (and therefore 
E d )  only through the units in Downstream(j). Therefore, we can write 

Rearranging terms and using S j  to denote -$, we have 

and 

which is precisely the general rule from Equation (4.20) for updating internal 
unit weights in arbitrary acyclic directed graphs. Notice Equation (T4.4) from 
Table 4.2 is just a special case of this rule, in which Downstream(j) = outputs. 



4.6 REMARKS ON THE BACKPROPAGATION ALGORITHM 

4.6.1 Convergence and Local Minima 

As shown above, the BACKPROPAGATION algorithm implements a gradient descent 
search through the space of possible network weights, iteratively reducing the 
error E between the training example target values and the network outputs. 
Because the error surface for multilayer networks may contain many different 
local minima, gradient descent can become trapped in any of these. As a result, 
BACKPROPAGATION over multilayer networks is only guaranteed to converge toward 
some local minimum in E and not necessarily to the global minimum error. 

Despite the lack of assured convergence to the global minimum error, BACK- 
PROPAGATION is a highly effective function approximation method in practice. In 
many practical applications the problem of local minima has not been found to 
be as severe as one might fear. To develop some intuition here, consider that 
networks with large numbers of weights correspond to error surfaces in very high 
dimensional spaces (one dimension per weight). When gradient descent falls into 
a local minimum with respect to one of these weights, it will not necessarily be 
in a local minimum with respect to the other weights. In fact, the more weights in 
the network, the more dimensions that might provide "escape routes" for gradient 
descent to fall away from the local minimum with respect to this single weight. 

A second perspective on local minima can be gained by considering the 
manner in which network weights evolve as the number of training iterations 
increases. Notice that if network weights are initialized to values near zero, then 
during early gradient descent steps the network will represent a very smooth 
function that is approximately linear in its inputs. This is because the sigmoid 
threshold function itself is approximately linear when the weights are close to 
zero (see the plot of the sigmoid function in Figure 4.6). Only after the weights 
have had time to grow will they reach a point where they can represent highly 
nonlinear network functions. One might expect more local minima to exist in the 
region of the weight space that represents these more complex functions. One 
hopes that by the time the weights reach this point they have already moved 
close enough to the global minimum that even local minima in this region are 
acceptable. 

Despite the above comments, gradient descent over the complex error sur- 
faces represented by ANNs is still poorly understood, and no methods are known to 
predict with certainty when local minima will cause difficulties. Common heuris- 
tics to attempt to alleviate the problem of local minima include: 

Add a momentum term to the weight-update rule as described in Equa- 
tion (4.18). Momentum can sometimes carry the gradient descent procedure 
through narrow local minima (though in principle it can also carry it through 
narrow global minima into other local minima!). 
Use stochastic gradient descent rather than true gradient descent. As dis- 
cussed in Section 4.4.3.3, the stochastic approximation to gradient descent 
effectively descends a different error surface for each training example, re- 
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lying on the average of these to approximate the gradient with respect to the 
full training set. These different error surfaces typically will have different 
local minima, making it less likely that the process will get stuck in any one 
of them. 

0 Train multiple networks using the same data, but initializing each network 
with different random weights. If the different training efforts lead to dif- 
ferent local minima, then the network with the best performance over a 
separate validation data set can be selected. Alternatively, all networks can 
be retained and treated as a "committee" of networks whose output is the 
(possibly weighted) average of the individual network outputs. 

4.6.2 Representational Power of Feedforward Networks 

What set of functions can be represented by feedfonvard networks? Of course 
the answer depends on the width and depth of the networks. Although much is 
still unknown about which function classes can be described by which types of 
networks, three quite general results are known: 

Boolean functions. Every boolean function can be represented exactly by 
some network with two layers of units, although the number of hidden units 
required grows exponentially in the worst case with the number of network 
inputs. To see how this can be done, consider the following general scheme 
for representing an arbitrary boolean function: For each possible input vector, 
create a distinct hidden unit and set its weights so that it activates if and only 
if this specific vector is input to the network. This produces a hidden layer 
that will always have exactly one unit active. Now implement the output 
unit as an OR gate that activates just for the desired input patterns. 

0 Continuous functions. Every bounded continuous function can be approxi- 
mated with arbitrarily small error (under a finite norm) by a network with 
two layers of units (Cybenko 1989; Hornik et al. 1989). The theorem in 
this case applies to networks that use sigmoid units at the hidden layer and 
(unthresholded) linear units at the output layer. The number of hidden units 
required depends on the function to be approximated. 
Arbitraryfunctions. Any function can be approximated to arbitrary accuracy 
by a network with three layers of units (Cybenko 1988). Again, the output 
layer uses linear units, the two hidden layers use sigmoid units, and the 
number of units required at each layer is not known in general. The proof 
of this involves showing that any function can be approximated by a lin- 
ear combination of many localized functions that have value 0 everywhere 
except for some small region, and then showing that two layers of sigmoid 
units are sufficient to produce good local approximations. 

These results show that limited depth feedfonvard networks provide a very 
expressive hypothesis space for BACKPROPAGATION. However, it is important to 



keep in mind that the network weight vectors reachable by gradient descent from 
the initial weight values may not include all possible weight vectors. Hertz et al. 
(1991) provide a more detailed discussion of the above results. 

4.6.3 Hypothesis Space Search and Inductive Bias 

It is interesting to compare the hypothesis space search of BACKPROPAGATION to 
the search performed by other learning algorithms. For BACKPROPAGATION, every 
possible assignment of network weights represents a syntactically distinct hy- 
pothesis that in principle can be considered by the learner. In other words, the 
hypothesis space is the n-dimensional Euclidean space of the n network weights. 
Notice this hypothesis space is continuous, in contrast to the hypothesis spaces 
of decision tree learning and other methods based on discrete representations. 
The fact that it is continuous, together with the fact that E is differentiable with 
respect to the continuous parameters of the hypothesis, results in a well-defined 
error gradient that provides a very useful structure for organizing the search for 
the best hypothesis. This structure is quite different from the general-to-specific 
ordering used to organize the search for symbolic concept learning algorithms, 
or the simple-to-complex ordering over decision trees used by the ID3 and C4.5 
algorithms. 

What is the inductive bias by which BACKPROPAGATION generalizes beyond 
the observed data? It is difficult to characterize precisely the inductive bias of 
BACKPROPAGATION learning, because it depends on the interplay between the gra- 
dient descent search and the way in which the weight space spans the space of 
representable functions. However, one can roughly characterize it as smooth in- 
terpolation between data points. Given two positive training examples with no 
negative examples between them, BACKPROPAGATION will tend to label points in 
between as positive examples as well. This can be seen, for example, in the de- 
cision surface illustrated in Figure 4.5, in which the specific sample of training 
examples gives rise to smoothly varying decision regions. 

4.6.4 Hidden Layer Representations 

One intriguing property of BACKPROPAGATION is its ability to discover useful in- 
termediate representations at the hidden unit layers inside the network. Because 
training examples constrain only the network inputs and outputs, the weight-tuning 
procedure is free to set weights that define whatever hidden unit representation is 
most effective at minimizing the squared error E. This can lead BACKPROPAGATION 
to define new hidden layer features that are not explicit in the input representa- 
tion, but which capture properties of the input instances that are most relevant to 
learning the target function. 

Consider, for example, the network shown in Figure 4.7. Here, the eight 
network inputs are connected to three hidden units, which are in turn connected 
to the eight output units. Because of this structure, the three hidden units will 
be forced to re-represent the eight input values in some way that captures their 
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FIGURE 4.7 
Learned Hidden Layer Representation. This 8 x 3 x 8 network was trained to learn the identity 
function, using the eight training examples shown. After 5000 training epochs, the three hidden unit 
values encode the eight distinct inputs using the encoding shown on the right. Notice if the encoded 
values are rounded to zero or one, the result is the standard binary encoding for eight distinct values. 

relevant features, so that this hidden layer representation can be used by the output 
units to compute the correct target values. 

Consider training the network shown in Figure 4.7 to learn the simple target 
function f (2) = 2, where 2 is a vector containing seven 0's and a single 1. The 
network must learn to reproduce the eight inputs at the corresponding eight output 
units. Although this is a simple function, the network in this case is constrained 
to use only three hidden units. Therefore, the essential information from all eight 
input units must be captured by the three learned hidden units. 

When BACKPROPAGATION is applied to this task, using each of the eight pos- 
sible vectors as training examples, it successfully learns the target function. What 
hidden layer representation is created by the gradient descent BACKPROPAGATION 
algorithm? By examining the hidden unit values generated by the learned network 
for each of the eight possible input vectors, it is easy to see that the learned en- 
coding is similar to the familiar standard binary encoding of eight values using 
three bits (e.g., 000,001,010,. . . , 111). The exact values of the hidden units for 
one typical run of BACKPROPAGATION are shown in Figure 4.7. 

This ability of multilayer networks to automatically discover useful repre- 
sentations at the hidden layers is a key feature of ANN learning. In contrast to 
learning methods that are constrained to use only predefined features provided by 
the human designer, this provides an important degree of flexibility that allows 
the learner to invent features not explicitly introduced by the human designer. Of 
course these invented features must still be computable as sigmoid unit functions 
of the provided network inputs. Note when more layers of units are used in the 
network, more complex features can be invented. Another example of hidden layer 
features is provided in the face recognition application discussed in Section 4.7. 

In order to develop a better intuition for the operation of BACKPROPAGATION 
in this example, let us examine the operation of the gradient descent procedure in 



greater detailt. The network in Figure 4.7 was trained using the algorithm shown 
in Table 4.2, with initial weights set to random values in the interval (-0.1,0.1), 
learning rate q = 0.3, and no weight momentum (i.e., a! = 0). Similar results 
were obtained by using other learning rates and by including nonzero momentum. 
The hidden unit encoding shown in Figure 4.7 was obtained after 5000 training 
iterations through the outer loop of the algorithm (i.e., 5000 iterations through each 
of the eight training examples). Most of the interesting weight changes occurred, 
however, during the first 2500 iterations. 

We can directly observe the effect of BACKPROPAGATION'S gradient descent 
search by plotting the squared output error as a function of the number of gradient 
descent search steps. This is shown in the top plot of Figure 4.8. Each line in 
this plot shows the squared output error summed over all training examples, for 
one of the eight network outputs. The horizontal axis indicates the number of 
iterations through the outermost loop of the BACKPROPAGATION algorithm. As this 
plot indicates, the sum of squared errors for each output decreases as the gradient 
descent procedure proceeds, more quickly for some output units and less quickly 
for others. 

The evolution of the hidden layer representation can be seen in the second 
plot of Figure 4.8. This plot shows the three hidden unit values computed by the 
learned network for one of the possible inputs (in particular, 01000000). Again, the 
horizontal axis indicates the number of training iterations. As this plot indicates, 
the network passes through a number of different encodings before converging to 
the final encoding given in Figure 4.7. 

Finally, the evolution of individual weights within the network is illustrated 
in the third plot of Figure 4.8. This plot displays the evolution of weights con- 
necting the eight input units (and the constant 1 bias input) to one of the three 
hidden units. Notice that significant changes in the weight values for this hidden 
unit coincide with significant changes in the hidden layer encoding and output 
squared errors. The weight that converges to a value near zero in this case is the 
bias weight wo. 

4.6.5 Generalization, Overfitting, and Stopping Criterion 

In the description of t'le BACKPROPAGATION algorithm in Table 4.2, the termination 
condition for the algcrithm has been left unspecified. What is an appropriate con- 
dition for terrninatinp the weight update loop? One obvious choice is to continue 
training until the errcr E on the training examples falls below some predetermined 
threshold. In fact, this is a poor strategy because BACKPROPAGATION is suscepti- 
ble to overfitting the training examples at the cost of decreasing generalization 
accuracy over other unseen examples. 

To see the dangers of minimizing the error over the training data, consider 
how the error E varies with the number of weight iterations. Figure 4.9 shows 

t ~ h e  source code to reproduce this example is available at http://www.cs.cmu.edu/-tom/mlbook.hhnl. 



Sum of squared errors for each output unit 

Hidden unit encoding for input 01000000 

FIGURE 4.8 
Learning the 8 x 3 x 8 Network. The top plot shows the evolving sum of squared errors for each of 
the eight output units, as the number of training iterations (epochs) increases. The middle plot shows 
the evolving hidden layer representation for the input string "01000000." The bottom plot shows the 
evolving weights for one of the three hidden units. 
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Error versus weight updates (example 1) 
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FIGURE 4.9 
Plots of error E as a function of the number of weight updates, for two different robot perception 
tasks. In both learning cases, error E over the training examples decreases monotonically, as gradient 
descent minimizes this measure of error. Error over the separate "validation" set of examples typically 
decreases at first, then may later increase due to overfitting the training examples. The network most 
IikeIy to generalize correctly to unseen data is the network with the lowest error over the validation 
set. Notice in the second plot, one must be careful to not stop training too soon when the validation 
set error begins to increase. 

0.07 
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this variation for two fairly typical applications of BACKPROPAGATION. Consider 
first the top plot in this figure. The lower of the two lines shows the monotoni- 
cally decreasing error E over the training set, as the number of gradient descent 
iterations grows. The upper line shows the error E measured over a different vali- 
dation set of examples, distinct from the training examples. This line measures the 
generalization accuracy of the network-the accuracy with which it fits examples 
beyond the training data. 
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